IVV. A Generalization of Theorem 1
We now return to Theorem 1 and consider what happens if the exponents r; 4
are allowed to be half-integers. We will look at the cases of r50 and 754 (g # 0)

separately.

Theorem 4. Let

f@ =11 nr @)

S|N
0l g<é

where the 750 are allowed to be half-integers, r5s, € Z for g # 0, 75,44 = 75,4 for all

awith (a,N) =1; let k= rs0 € Zand s = [[5y 62"5°.

5|N
If
g
rsg0 Po(=) =0 (mod 2)
> g Po(5)
0l g<é
and

then f is modular of weight & on I'o (V) with multiplier determined by the following

transformation formula:

For A — (Z Z) € To(N) with (a,6) = 1,
f(Ar) = @8 (2 (er + d) £ (7).

(Cf. Theorem 1 of [7].)

Proof. As in the proof of Theorem 1, we will assume that rs 5 = 0 for all even J.

We proceed as before until we get to the point where we need to show
Z 2r5ygas<§,a; %,0) =0 (mod 2).

For g # 0, we still have

2 ra(fedn)= ¥ (%)-55)

S|IN 5|IN
0 g<é 00 g<é

0 (mod 2).
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For g = 0, we will use the fact that

Cc

3a5<5,a> —i(a—l)(a—?)z%[l— (—)} (mod 2)

(Theorem 4 of [20]). From this congruence, we find

3Z2ar5703<§,a>Eng,o[l—(%é)}%— a_l Zmo
5IN

5N 5N

= Z”vo [1 — (%6” + wkz (mod 2).

2
5IN

Since 75,0 [1 — (C{Tdﬂ and (a D are integers, both sides of the above congruence are

integers. This implies that

ZQQT&O s(%,a) = 322&7‘570 s(g,a)

§|IN S|N
Ezrgo[l—(ﬁ>i| (a_l)Q(a_2)ZT5o (mod 2)
S|N S|N

The remainder of the proof, showing that

Z Ts.g [dez(%> ~ % +2as(§ a,%,())] =0 (mod a)

SIN
0l g<é

proceeds as in the proof of Theorem 1.

Thus, the multiplier in the transformation formula is

exp(m'%\;%w&o s(%,a)) - exp(m' {%mo [1 _ (0{75)] + 2 5 Loz 2)1<:D
Leo(e i~ (2] (e f2524)

C/_‘S)z”’oi(a—l)k

E) 27"5,0 (é) 27"5101'(0'_1)]9
a a




as claimed. O
) ) 5/2 —1/2 7 (1—¢)°
As an example, consider the function f(7) = M5'0 1.0 (1) =¢q H ~ 7

For N =5, we have

) 1 11
>0 matPa5) =50 555

5|N
0l g<é

and

S|IN
0l g<é

Since s = H5‘5 §2re0 = 5511 =55 and k = Z&\N r50 = 2, we find that

flar) = 2D (%’) (cr + d)2f (7)
= (2)(er +ap s

Checking the order of f at the cusps (order 1 at infinity, order 0 at zero), we conclude
that f is a modular form of weight 2 on I'g(5) with the Legendre symbol (5) as its
multiplier, i.e. f € My(To(5), (g))

Using the transformation formulas for 75 1(7) and s 2(7),

n5,1(AT) = v51(A)ns,4(T)

n5,2(AT) = 15 2(A)N5,24(T)

we find that

né,l 2771"37:1
—= (A7) = (et + d)*—=(7)
15,1 75,a

and

/ !
52 (Ar) = (er + d)2 B2 (7).
15,2 75,24

If a = +1 (mod 5), then

/ / / /
=L (4r) - 22(A7) = (7 + [ 22 (7) - 22(r)];
5,1 5,2 5,1 15,2
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if a = +£2 (mod 5), then

/ / / /
5L (A7) — 222 (A7) = (er + )P [22(r) — B2 (7).
75,1 75,2 75,2 75,1
Since %(7) and :’72—2(7) are modular forms of weight 2 on I';(5) (and hence are

holomorphic at the cusps), %(T) - :’72—2(7) is a modular form of weight 2 on I'g(5)

with the Legendre symbol (5) as its multiplier.

Looking at the g—expansions of f(7) = ng,/ozn;é/z(r) and %(7) - :)]2—’2(7'),

f) =g+ +243+...

5.1 752 (1 2 3
—(T)——(T):2m<——q+q +2q —i—...),
5,1 15,2 5

we see that these modular forms are linearly independent. In fact, they form a basis

of M(T'o(5), (5)) This can be deduced from the following:

Proposition. Let y be a character of order m on IV where I" is a congruence

subgroup of I" = SLy(Z) of level N, and let n € N. Then
dim(Mn(l‘/,X)> 0 dim(an(r/)).

Proof. Suppose f1, f2, ..., fa are linearly independent modular forms on M, (I, x).

Then the functions
Y R faf

are linearly independent modular forms on M,,, (I"), giving the desired inequality.
O

Since (5) is a quadratic character modulo 5, we have

dim(Mz(To(5), (3))) 0 dim(Ma(To(5))) = 2.

Thus, ng,/ozn;é/z(f) and %(7‘) - Z:—z(T) form a basis for M, (T'o(5), (g>)

For the next result, we adopt the following notation: let » denote a number
which is a prime to some power; for example, the sum Z is interpreted as being

a=r
taken over all a such that a = p®, where p is prime and o > 1.
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Theorem 5. Let

7’5 g
H 775,9
5N

0l g<sé

where the r5 , are allowed to be half-integers and 75 o4 = 75,4 for all a with (a, N) = 1,

let s = H52?”5,o, t= H H p?rad and k = Z’"‘W €z

§|N SN jals 5|N
If
g
rs,g0 P2(=) =0 (mod 2)
> ragdPa(3)
0l g<é
and

then f is modular of weight & on T'o (V) with multiplier determined by the following

transformation formula:

a b

For A = (C d) € To(N) with (a,6) = 1

f(Ar) = ik (2) (2) (e + d)* f(7).

Proof. Again, we assume that 58 = 0. Proceeding as in the proof of Theorem 1,

. c
we need to consider the value of Z 2r5 g0 s(—

5 a; %, 0) modulo 2. Using the fact

S|IN
0<g<s

that 7549 = 75,4 for all a with (a, N) =1, we get

Z 27“5gas( > ZZ Z 2r5das< , ,g 0)

o2 SIN d|§ (g,8)=d
C
DR NEACH)
DD Zrsaa) ule)s(gga
S|N d|s e|$
=S S orsan - wes(La).
§|N d|s S=cf

By Theorem 4 of [20],

ws(Sh) = oo 41 (42),
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multiply by 275 4 (which is an integer) and we have

3- 2ar5,ds(%,a) = %d(a— 1)(a —2) —l—r(;,d(l - <Cfa/5>).

So,

(g,8)=d S=cf
= u(e)[ré—;(a—l)(a—2)+r&d<l— (C];/(;))}
b=cs
ST Ll S O SOl [ L]
$=cf $=cf
=50 3wt - (222)] (mod 2)
This last quantity is an integer, so we can write
Z 2r57da8<§,a; %,O) =754 Z u(e) [1 — (Cfa/éﬂ (mod 2).

S=cf S=cf | S=cf
—_ Z M(€)<Cfa/6>
S=cf
) ¥ o (L)

f=cs

by Lemma 2, this last term can only be odd when % = p* for some prime p with

(B) = —1, in which case we get
a
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Therefore,
ZZ Z 27'5(,1(15‘(E a'g0>zzz*:2r5d (mod 2)
5 67 ) 67 5
SIN d|§ (g,6)=d S|N d|s

*

where the sum Z is taken only over those divisors d of § for which g = p® with
<£> = —1. Since ZZ Z 2r5,das<§,a; %, 0) is an integer, the remainder of
a 8|N d|6 (g,0)=d

. g C c 9 _
the proof (showing that ;}; Ts,g [chPg(E) % + 2a5<5,a, 5’0>] =0 (mod a))
0l g<sé

proceeds as before.
The multiplier for f then is

exp(m' Z 2as<§,a; %,0))

SIN
0l g<é

eI @™

Note: We can also write the transformation formula as

S

f(Ar) = @D (2 (7 + ) f(7)

a
where s = H H p2re0t2rsa,

SN dls
5/d=r

From this Theorem, we find that 62(7) = 12,03 2 75, 2(7) is modular on I'g(4)

-1
of weight 1 with multiplier i*~1 = (—) Recall that
a

0(r) = > sa(N)g¥ =1+4 3 (3 i7"

N=0 N=1 d|N



46

([8]). In fact, #2(7) is the only modular form on I'g(4) of weight 1 with this multiplier
([13], Proposition 4 of chapter 4, section 1).

It would be interesting to try to derive a formula for p,(IN) and 02(N) by

looking at
M0 736,12 Mg 6(T) = ¢"/% > pa(N)g®N
N=1
and
M,0M36,6 Nsa(T) = Y 0a(N)g*N "2,
N=1

The latter function satisfies the congruences in Theorem 5 and is holomorphic at
the cusps of I'o(36) and therefore is a modular form on I'g(36) of weight 1 with
multiplier i*~%. The former function does not satisfy the congruences in Theorem

5 (D 15,40P2(g/0) = 1); but, replacing 7 by 27, the function 7360 772,24 n§6%12(7) =

—~~

p2(N)g*?N 1 is holomorphic at the cusps of T'g(72), and hence is a modular

WK

b

=1

orm of weight 1 on 'o(72) with multiplier i¢~1.

=



