Il. Some Combinatorial Applications

As an easy example, consider M>(I'0(4)). From [23] (p. 23-25), we find that
I'o(4) has three cusps, no elliptic points, and hence h/T'o(4) has genus 1+ £ — 3 = 0.
Therefore, by [9] (Theorem 1 of section 8), this space has dimension 2. Looking at
the expansions of H; @, 2)( ) and H, . l)( ):

HD(r)=1+24 > o@D ()M

M=1
=1+ 24q + 24¢° + 96¢° + . . .,

HED (7 1+6§:U@a

=1+ 24q +...,
we see that these two modular forms are linearly independent, and hence form a
basis for M>(T'0(4)).

4
Recall that 6%(r (Zq ) € M>(I'o(4)) (exercises 10-11 of chapter 3,

section 3 in [13]). In fact, 546(27) =Ny, s 13 Ma, 3(7) (also from [13]), which satisfies
the condition of Theorem 1. If s4(M) denotes the number of ways of writing M as
a sum of four squares, then §4(7) = i s4(M)g™. Using the expansion 6*(1) =
1+ 8¢+ 24¢® + ..., we find that =

1 41 2 @2
04 (r) = gH 0 () + 3 H 2 (7);

equating the coefficients of ¢ on both sides of the above eqation, we get
s4(M) = 84D (M) + 464D (M)

(cf. Corollary on p. 282 of [10]).

Similarly, F(1) = q¥*%(27) = 17207740 = Q<Z q" +n> € Mz(T'o(4)) (¥(q)

oo
is the function Z g +™/2 from [19] and the function ¢¥*(27) is the same as the
n=0

Typeset by ApS-TeEX



25

function F in exercises 10-11 of chapter 3, section 3 in [13]). Note that 7, 2 n4.0(7)
satisfies the conditions of Theorem 1. If ¢4(M) denotes the number of ways of
writing M as a sum of four triangular numbers, then F(7) = 3 ta(M)g*M*1
From the expansion F(7) = q + 4¢°® + ..., we find that M=

1 4,1 4,2
F(r) = o Hy D (7) — o Hy 2 (7);

1
T 9472 24

2M+1

equating the coefficients of ¢ on both sides, we get

1
ta(M) = oD (2M +1) — Za(“'vz)(zM +1)
=o0(2M +1)
(cf. Theorem 3 of [19]).
These are classical results which have been known for some time. We now try

to establish similar results for pentagonal and octagonal numbers using modular

forms. In particular, we will prove the following;:

If M =1 (mod 2), then ps(M) + 04(2M — 1) =0 (mod 4) (9)
If M =1 (mod 4), then pa(M) + 0a(2M — 1) =0 (mod 8) (10)
If M =1 (mod 2), then 04(2M) =0 (mod 6) (11)

If M € N, then %U(GM +1) 0 pa(M) 0 o(6M +1) (12)

If M = 2 (mod 4), then o4(M) = %0(31\4 4 4) (13)

If M = 0 (mod 4), then os(M) = %a(?»M +4)— §U(3M4+ H

To do this, we establish two formulas.

Theorem 2. Let a,b be half-integers, with a — b € Z and a > [b|. Then

b2 /4a an?+bn __ . 1/2 -1
q / E q = 124,0 "4a,2a—2b nZa,a—b(T)‘
nez
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Proof. Starting with the Jacobi Triple Product ([1], Theorem 2.8)

Soa = T[a -+ A+,
nez n=1

replace g by ¢® and z by ¢°, and we have

2 sl —a an—a—
ann +bn _ H(l _ q2an)(1 +q2an +b)(1 +q2 b)
neZzZ n=1

= ﬁ (1 —g?*m™) (1 — ghon—2ar2h)(1 — ghon—2e20)
i (= @) (1 = o)
—b2/4q 1/2 —
=4q b/4 772£,O Naa,2a—2b nZa]:afb(T)'

]
/

)

Note: If we let a = 1,b = 0, then the above Theorem gives 6(7) = 7]; 2 4.2 ni%(T),

which can also be written as 7, 3 77;/02 un 3(7) (as in [13]). If special care is taken,
then we can also see what happens if a = % = b: replacing ¢ and z in the Jacobi

Triple Product by ¢'/2, we get

o0
1,241, n n n—
gzt =] -¢"A+q) (1 +q"
neZ n=1

=2 [ - +q"?
n=1

or, 2 Z q%”2+%" =2 H(l —¢")(1+¢™)?. So,
n=0 n=1

Zq%n2+%n _ H(l _ qn)(l +qn)2
n=0 n=1
O 1— 2n)\2
ekt (1-q)
_ —1/2
=dq l/8771,0/ n2,0(7),

o0

ie. ¢1/8 Z q%”2+%” = Uié/z 1m2,0(7). Replacing 7 by 27 (¢ by ¢?) in this equation,
n=0

and then raising both sides to the fourth power, gives

o0
4
2 _
q( > " +”> = 12,6 N4.0(7).
n=0
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Theorem 3. Let a,b be half-integers, with a —b € Z and 0 < |b| < a. Then
q(2a—3b)2/12a [Z q3an2—(2a—3b)n _ Z q3an2—(2a+3b)n+2b]

nez nez

1/2
= 113l 20,0 Maa,26(T).

Proof. This time we start with the Quintuple Product ([18], equation (10))

oo
(1 _ an)(l _ Zanfl)(l _ Zﬁlqznil)(l _ 22q4n74)(1 _ z72q4n74)

n=1
_ Zq3n2—2n(z3n 480 82 Z—3n+2)’
nezZ
and replace ¢ by ¢ and z by ¢

oo

H(l o q2an)(1 o q2an—a+b)(1 . ann—a—b)(l o q4an—4a+2b)(1 . q4an—4a—2b)

n=1
_ 3an?—2an,3bn —3bn 3bn—2b —3bn+2b
=Y ¢ (@ +q " —q —q )
neZ

2_2an n —3bn —
_ ZqSGn 2 (q3b —q 3b +2b)(1 —q 2b).
nez

Cancelling 1 — ¢~2" from both sides of the above equation and using

1 a+b b (2a — 3b)?
Z2aP,(0 2P< > 4P<—):—,
2a2()—|—a2 2a +a22a 6a
we get the desired result. U
Using Theorem 2, we derive two formulas of interest:
3 1 1/24 3n2+1in 1/2 -1
a=3 b= 5" q Zqz 2" =m3lp Me,2m31(7) (15)
nez
2
a=3 b=2: ¢ @ =gl maangi(7), (16)
nez

which will be used later to construct modular forms. These formulas are of interest,

because they can be viewed as generating functions for figurate numbers; specifically,

%nz — %n is the formula for pentagonal numbers and 3n? — 2n is the formula for

octagonal numbers. In the above sums, the functions generate pentagonal /octagonal

numbers of general rank, e.g. %(2)2 — %(2) = 5 is a pentagonal number of positive
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rank, 3(—2)?—2(—2) = 7 is a pentagonal number of negative rank, and both appear

as exponents of g in the expansion of Z q2n “ran,

We can also consider the case a 71:622, b = 1; however, this gives the generat-
ing function for hexagonal numbers, which turns out to be the same as triangular
numbers.

Using a = 2, b =1 in Theorem 3, we get the following formula:

2_ 2 2
a=2 b=1: q1/24<z I =D +9”+2) =30 a1 m8.2(7),

neZ nez

or, since 713’ na178,2(7) = g (1),
1/2 ¢t/ Z $n®—3n (17)
nez
This last equation is Euler’s Pentagonal Number Theorem (Cor. 1.7 of [1]).
Now, n%{oz 76,2 773_%(7') (from (15)) is not a modular form, but it can be used to
construct one. First, since 77;/02 16,2 773_%(7') = q1/24 Z q%”2+%”, we have

neZ

1/6
773077627731 —q/ Z]M M,

where p4(M) denotes the number of ways of writing M as a sum of four pentagonal
numbers. Since

S r5g0Pa(2) =2-3P5(0) + 4 6P2<%> 4. 3p2(%) _ %

SIN
0 g<$é

> ‘59(]5\:5 %<3+%_§>:0’

SIN
0 g<é

if we replace 7 by 67 (g by ¢®), then the function

P(r )*773077627731(67-)*7718077361277186 ZIM Mt

satisfies the congruences of Theorem 1. Therefore P(7) is a modular function of

weight 2 on T'g(IV) for any N divisible by 36; in particular, P(7) is a modular
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function of weight 2 on I'g(36). We can use Theorem R to check that P(7) is
holomorphic at the cusps of I'g(36):
for €36, and (A, 36) = (A, ) = (u,36) = 1, we get the following orders

e=1: order 0
€e=2: order 0
e=3: order 0
e=4: order 1
e=6: order 0
e=9: order 4
e=12: order 3
e=18: order 8
€e=236: order 1.

Since the orders are all nonnegative, P(7) is holomorphic at all of the cusps of I'g (36),
and hence P(7) € M»(I'o(36)). (Note: strictly speaking, P(7) = 1%g o 136 12 nﬂfG(T)
does not satisfy the condition 7544 = 754 for (a,36) = 1; however, this is easily
remedied by writing P(7) as g o 736,12 713,24 156 s 12(7)-)
Similarly, we can construct a modular form using (16)
Tole M2,2 61 (1) = ¢*/° > v
nez

raise both sides to the fourth power and replace T by 37 (¢ by ¢°) and we have

o0

O(r) = 77]2.8,0 7736,6 77]};}3(7—) = Z o4(M)g*+4
M=0

where 04(M) denotes the number of ways of writing M as a sum of four octagonal
numbers. Notice that nf&o 36,6 171_8‘}3(7) satisfies the congruences of Theorem 1:
3" rsydP <3) —2.18P,(0) +4-36P2<£) —4-18P2<i) —8
£ HITEG 36 18

0 g<é



S E_E<3+
%965 — 6 \18

SIN

0 g<é

30

4 4
%‘1—8)—0-

Looking at O(7) at the cusp ﬁ, we get the following orders:

e=1:
e=2:
e=3:
e=4:
e=6:
e=9:
e=12:
e=18:
€=236:

order 0

order 2

order 0

order 0

order 6

order 4

order 3

order 2

order 4

and since all of the above orders are nonnegative, O(7) € M>(I'o(36)).

We now construct a basis for M>(I'g(36)). More specifically, since M (T'o(N)) C

M>(T'9(36)) for any N|36, we find bases for such M>(Io(N)):

M3(To(2))
M>(To(3))
M3(To(4))
M3(T'o(6))
M2(T'o(9))

M>(Tp(12))

:Héz’l)(T)
L HS D (7)
L Hy"D(r) = By D (),
L HP(r), HPP(r),
PP (), HEO (),
P (), Hy (),

12,2
HP (7)

4,2

HM (7)
6,1

H® D (7)

773,0775,5 (7)

4,2 6,1
H{*D(7), H{P(7),
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2,1 3,1 6,1 9,3
My(To(18)) : HS P (r), HEP(r), HPD(r), HSD(r),

18,3 _ _

HS®D (1), 1w ones(r),  mPsomiss(T)

2,1 3,1 4,2 6,1
My(To(36)) : HSP (), HSD(r), HSP(r), HPD(7),

9,3 12,2 18,3 36,6
HED(r), HE?D(r), HD(r), HESO(r),

773,0779_,5(7'), 77%8,0771_82,6(7-)7 77%6,0773_62,12(7')~

(For the dimensions of M(I'o(NN)), see [23], p. 23 — 25 and Theorem 1 of section 8

in [9]. To prove that 73, Uy 2(1) € M»(T'o(9)), we use Theorem 1 and Theorem R:

;}; Té,g(SPZ(%) =2.9P(0) _2'9P2<g> _4

0 g<é

and the order at ﬁ, where €9 is:

e=1: order 0
€e=3: order 0
€e=9: order 2.)

Now, the dimension of M;(I'9(36)) is twelve, so we need one more modular form
(linearly dependent from the eleven above). We could complete the basis using

O(1); to see that it is linearly independent from the eleven forms already listed, we
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look at the g—expansions and check their linear independence using Mathematica:

o0
HED(r)=1+12 o@D (M)gM
M=1
=1+ 24q + 24¢% + 964> + 24¢* + 144¢° + 96¢° + 192¢" + 2448

+ 312¢° + 144¢*° + 2884 + 9642 + ...

(o]
HED(r)y=1+12 o@D ()M
M=1
=1+ 12¢ + 36¢% + 12¢° + 84¢” + 72¢° + 36¢° + 96¢” + 1804°

+12¢° + 216¢° + 144¢™ + 844 + . ..
o
H§4,2) (7_) =146 Z 0‘(4’2)(M)qM
M=1
=1+ 24¢® + 24¢* + 96¢° + 24¢® + 144¢° + 96¢*% + . ..
HPD(r)=1-12 Z a®D (M
=1- 12q — 12q —12¢% — 12¢* — 72¢° — 12¢® — 96¢" — 124
—12¢° — 72¢%° — 144¢** —12¢%? + . ..
o o]
HPD(r)=1+4Y o)
M=1
=1+12¢°% +36¢°% +12¢° + 84¢*2 + . ..
H(12 2) 6 Z -2, 2)
=1- 12q —12¢% — 12¢° — 12¢® — 72¢%° — 124%? —
H(18 3) _4 Z -8, 3)
=1- 12q —12¢% — 12¢° — 12¢*% —
H(36 6) _9 Z o (36, 6)

=1- 12q —12¢* —

2 7 L=¢)°
77907793( =4 HW

= +2¢° + 5% +4¢* + ...
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2 -2 ( )_ 4 lo_O[ (1 q18n>6
N18,0Ts6\T) =4 1l (1— ¢o)2
— 240+

O(r) = 77%8,0 n§6,6 77{8‘}3(7)
=¢*+4¢" +6¢°0 +....
To check linear independence, it suffices to consider the coefficients up to ¢'?; specif-
ically, it suffices to consider the coefficients of the ¢°, ¢*,¢?, ..., ¢, and ¢*? terms.
Notice that the nonzero coeflicients of 775’0 M, 2(7) only occur as coefficients of
q" where n = 2 (mod 3); for nZg 77&276 (1), they are non-zero only when n =4 (mod
6); and for n3s o 7]3};2,12(7'), they are non-zero only when n = 8 (mod 12).

Now, if we write P(7) in terms of this basis, we get (via Mathematica)
P(r)= 3 pa(M)g
M=0

1 @31 1 03 _ _
= 5 H: D (1) = 5 HE D (7) = 30 0 mg 5 (1) — B o mars(T) — O(7).

6M+1

Reading off the coefficients of ¢ , we have

pa(M) = %120(3’1)(6M +1) - 1—1240(9’3)(6M +1) —04(2M — 1)
= oCD6M +1) — 04(2M — 1)
=0(6M +1) —o0a(2M — 1)
(any divisor of 6 M + 1 must be congruent to £1 (mod 3)).
One can show that
M = 1(mod 2) = ¢(6M + 1) =0 (mod 4)
and M = 1(mod 4) = ¢(6M + 1) = 0 (mod 8);
from this, (9) and (10) follow:
M = 1(mod 2) = pa(M) + 04(2M — 1) =0 (mod 4)

and M = 1(mod 4) = pa(M) + 04(2M — 1) =0 (mod 8).
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6M+4

If we read off the coefficients of ¢ , we get

1
0=0CD(6M+4) - 50(9’3)(6M +4) — 6agps+a — 04(2M),

or

04(2M) = 0(6M+4) — 6agnrs+4,

where a,, denotes the coefficient of ¢" of 77%870 771_8276 (7). Since a,, € Z for all m, we
can use

M = 1(mod 2) = ¢(6M +4) =0 (mod 18)

to derive (11):

M = 1(mod 2) = 04(2M) = 0 (mod 6).

To complete the basis for M>(I'0(36)), we could instead use 77%,/02- Replace T by
67 (¢ by ¢®) in (17) and then raise both sides to the fourth power:
4 0o
2_ *
Moo(T) = Q(Z(—l)”qgn 3") =) ph(M)g*M,
nez M=0

where

POD= Y (e,

M=p1+pza+pz+pa

this last sum being taken over all of the ways of writing M as a sum of four pen-
tagonal numbers p1, p2, 3, pa, With p; denoting the w!" pentagonal number (i.e.

pi = %wf - %wz) Note that
—pa(M) [ pz (M) 11 pa(M)

for all M.
First, 1€ o(7) € M2(T'0(36)) by Theorem 1 and Theorem R:

3 T(;’g(spz(%) = 2. 6P5(0) =2

SIN
0 g<$é

N 36
Y riges = 20 =2
"G5 T 6.6

SIN
0 g<$é



35

and the order of 73 () at the cusp ﬁ is:

e=1: order 1
€e=2: order 2
e=3: order 3
e=4: order 1
€e=6: order 6
e=9: order 1
e=12: order 2
e=18: order 3
€e=236: order 1.

Note that all of the orders are strictly positive, so that 77%’0(7') is in fact a cusp-form
on I'p(36).
Using the first few terms of 73 o(7),
neo(r)=a—4¢" +...,
we can write P(7) (again using Mathematica) as

1 31 1 6.1 1 3
P(r) = HZ D (1) + 52 B P (1) = 5 H ()

T 1272 36
1 22 1 @83 1 (36,6 _
+ g1 (1) = g YOV (1) = o HE V(1) = 2 g 5(7)
_ _ 1
— 677%8,0 77182,6(7') - 47]%6,0 77362,12(7') + 577%,0(7')-
Reading off the coefficients of ¢®™*1, we find

1 1 1
pa(M) = E120(371)(6M +1) + %(—120(6’1)(6M +1)) — E4(;(€”3>(6z\4 +1)

1 1
- 1—8(—60(12’2)(6M +1)) - %(—40(18’3)(6M +1))

1 L
— 15 (~20C09(6M +1)) + 5p;(M)
1 1
— oGV (M + 1) — 50(671)(6M +1) + 3pi (M)

2 1
= Zo(6M +1) + =pi(M).
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From pj(M) > —pa(M), we get

pe(M) = Z0(6M +1) + 2 (M)

Do ol b

o(6M + 1) ~ 2pa(M)

vV
~— W

which implies pa(M) > 30(6M + 1). Conversely, from pj(M) [ pa(M), we get

pa(M) = 0(6M +1) + zp5(M)

Wit Wl N

o(6m+1)+ %p4(M)

which implies ps(M) [0 o(6M + 1). This establishes (12):

0

%J(GM +1) 11 pa(M) (1 o(6M +1).

We could also try to use this basis to find bounds for o4(M). First, writing

O(7) in terms of this basis, we have (using Mathematica)

1 6.1 1 @22 1 83
O(r) = ~5e B D (1) = e H32 2 (7) + 52572 (7)

1 (36,6 _ _ 1
+ 1_8H2( )(7') - 773,0 779,%(7) + 477%6,0 77362,12(7') - gﬁg,o(T)-

Reading off the coefficients of ¢>M*# yields
1 1
04(M) = —%(—120(67”(3]\4 +4)) — 1—8(—60(12’2)(3M +4))
1 1
- %(—40(18’3)(3M +4)) + 1—8(—20(36’6)(3M +4))
1 (M + 1)
3P\ T2
1 1 1 M+1
= g0(671)(3M +4) + 50(12’2)(3M +4) — gp:{(T_‘_),

where it is understood that pj (@) = 01if M + 1 is odd.
If M is odd, then o®D(3M +4) = 0(3M +4) and 01?2 (3M +4) = 0, so

1 1
M = 1(mod 2) = 04(M) = §U(3M +4)— gpz(

M2—|—1>

If M = 2 (mod 4), then M + 1 is odd, so pz(@) = 0. Let M = 2(2K +1);

then

o@D (BM 4+ 4) = V(26K +5)) = eCV (6K +5) = 0 (6K + 5)



and
c12D(3M + 4) = 0122 (12K + 10) = 20V (6K + 5) = 20(6K + 5).

So
1 1
04(M) = ga@l) (3M + 4) + 50@272) (3M + 4)

1 2
= 50(6K +5)+ 50(6K +5)

=o0(6K +5)
_ 0(2)o(6K +5)
o(2)

1
= gU(Z(GK +5))
1
which is (13).

If M =0 (mod 4), then pj(%) = 0 again. Let M = 4K; then
o®DBM +4) = o@D (12K +4) = 0CYUBK + 1)) = c©V(BK + 1)

and
2D (30 4 4) = 012D(12K + 4) = 02D (4(3K + 1))

= 206D (23K +1)) =20®V (3K + 1),
SO
04(M) = %o—(“) (3M +4) + %(;(12’2) (3M +4)
= %0(6’1)(31( +1)+ %20(‘371)(31( +1)
=oOV(BK +1),
which is (14).

If k is an integer, relatively prime to 3, then ¢® (k) = 20 (4k) — 30(k), so

0a(M) = %0(4(31( +1)) — 30(31( +1)

= %0(3]\44—4) — §a<3M4+4>.

37
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In the case of M =1 (mod 2), we could try to use the inequality pj(M) (] pa(M) []

o(6M + 1) to find a lower bound for o4(M ), but the best we can do is zero:

1 1,/ M+1
1 1 M+1
> = _Z
> o(38M +4) 30(6( : )+1)

=0.

So we could conceivably have o4(M) = 0 for M odd. If M is even, then we have
04(M) > 0 from the above formulas; however, the best lower bound we can find will

be 1. Indeed, 04(M) is equal to 1 for infinitely many values of M: if k is positive

and even, then for M = (2% — 1), we find that M = 4 2k3_1 = 0 (mod 4), and hence

1 4 3M+4
04(M) = 50(3M—|—4) - ga( 4+ )

1 4

_ 2k+2 _ = 2k
20(2"?) ~ 10(2")

_ 2k+3 —1— 4(2k+1 _ 1)

N 3

=1.

Some examples of this are the following:
4=1+14+1+1
20=5+54+5+5
84 =21421+21+21
340 =85+ 85+ 85+ 85

1364 = 341 + 341 + 341 + 341.



