Il. The Generalized Dedekind Eta Function
We now introduce the generalized Dedekind eta function 75 4(7). Let h denote
the upper half plane {a + bi|b > 0}. For g,0 € Z, with § > 0, we define

776,9(7') — em'ﬂSPz(g/é) H (1 _ qm) H (1 _ qm)

m=g (mod §) m=—g (mod &)
m>0 m>0

(where ¢ = ™7, 7 € h). Note that if g = ¢’ (mod §), then P>(g/8) = P2(g’/d), so
we may assume 0 [1 g < §. If g =0 and § = 1, then we get the square of the original
eta function:

n,o(7) = n°(1),

o ]
where 7(7) = e27i7/24 H (1 —g™). Some of the properties of these functions that
m=1
are easy to verify include the following:

M5,0(T) = 0 (67)

N5, (1) = 7]%,0(7')/776,0(7') (if § is even)

2
N5,9(T) = N6,6—4(T)
for r € N, 7]579(7‘7') = n5r,gT(T)‘ (4)

These eta functions are a variation of those defined by Schoeneberg in [22]. If

(Sch)

() (1) denotes Schoeneberg’s version, then
s

Sch
M.9(T) = 1z (97).

Since Schoeneberg’s version of the eta function transforms on I' = SLy(Z), 0s,4(7)
should transform on I'g(d) = {M = (CCL Z) €Tl'|c=0 (mod 5)} In particular,

equation (30) of chapter 8 in [22] becomes

05,4 (AT) = 15,ag(T) -exp(sgn c<sgnc log(er +d) — %>)l/5,g(/1)
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where A = (CCL Z) € I'g(9),

[z, ifg=0 (mod )
<33>—{0, if g #Z 0 (mod 9¢),

and vs 4 is a character given by

exp(mi[20P5 (%) + 45P, (%) — 2sgne s(a,¢/5;0,9/5)]), ifc#0
exp(mi26Ps(2)), if c=0.

Vvsg(A) = {

As in [22], the products defining these eta functions converge uniformly on compact

subsets of h, and 75 4(7) is never zero on h.

IfAeFl(é):{M: (‘; Z

then a = 1 (mod 6), so 75,4(7) is a modular function of weight zero [resp., one] if

) €T'|ec=0 (mod 9) andazbzl(modé)},

—misgn ¢

0 < g <4 [resp., g = 0] on I'1 (6) with multiplier vs 4 [resp., e vs50]. However,

if A €Tp(d), then we may not get the same eta function back, e.g.

21 +1\ _ _4rijis
775,1(57_ n 3) =e n5,2(T).

We now prove a result similar to one of Robins. In [21], Robins proved the following:

Proposition. Let N € N,

f@ =11 nr &)

S|N
0l g<é

where r; 4 € Z, with 75,0 and r; 5 allowed to be half-integers, and let k = Z rs0 € Z.

If "
SZN: 5,90 Po (%) =0 (mod 2)
Ol g<sé

and

then f is a modular function of weight £ on I'; (V) (with trivial multiplier).

We now prove a similar theorem for I'o(V):
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Theorem 1. Let N € N,

= II n ()

5|IN
0l g<é

where 75, € Z, 7549 = 75,4 for all a with (¢, N) =1, and k = Zr(;,o be an even

5N
integer.
If
g
s, 0P =)=0 (mod 2) (5)
5 ron(?)
0l g<é
and
N1
rsg— = =0 (mod 2) (6)
21T

then f is modular of weight & on I'o(N) (with trivial multiplier).

Proof. As in [16], it suffices to consider those A with (a,6) =1 and a > 0, ¢ > 0
(since these matrices generate I'g(IV)). For the purposes of making this proof easier,
we will also assume that 75 5 = 0 for all even §. We lose no generality with this
assumption since 75 5 (1) =n 5 0(7)/ms,0(7) and the congruences (5) and (6) do not

change (réP»(1/2) =r3% —rét and rit = r% —r2%). Now, f transforms as

H Nsony (T) €xp (1"5 g <log(c7' +d) — %» V5ol (A)

05‘91\26
H exp(mo(log (et +d) ——)) H Vo (A
5IN SIN
(9=0) 0l g<é§
f( )(CT+d)k —mik/2 H ""éq A)
§IN
ol <8

We want to show that

771"Lk/2 H Vrég

5|N
0l g<$é



This multiplier is

H e—7T’LT’50/2 H Téq

5N 5IN
(g=0) 01 g<é8
I exp<rw{%m<%>+%m<%> 2o o))
SIN SIN
(g=0) 0l g<é
. . —T50 C
(3 T 3 (o au(o)

-5 (S n(®) 20 50) ])

5|N

0<g<sé

so we want to show

> rao(—g+ 50 29(0:5)

S|IN
(g=0)

© X (S (g (o0 8)=0 o

§|N
0<g<$

Using the reciprocity of Meyer sums, we get

> rso(-3+ gm0 2s(a 5))

SIN
> w%#éf’z(%)—25(%%;07%))

(9=0)

§IN
0<g<sé
—Ts,0
I e )
§|N §|N SIN
(9=0) (9=0) 0<g<s
c 1 1 ad 1) c
R
+;< 76,0 55 4+120+12ac+12a5
(9=0)
c g 1ad
25| =s(5.0:5.0) + 37 R2(5)
+;};<r57g55 50-1— 2\
0<g<é

+ 2%5%%) * 12Ca<$D

14



15

§|N 5|N S|N
(9=0) (9=0) 0<g<s
1 r5.0 A
+ ; 2r505<g,a)—|—§ ; r5,0 — ; 6 ¢
(g=0) (9=0) (9=0)
r50 0 c g
_ ;\; o ZN: 50@4— 62: 27*598(6,@,6,0)
(9=0) (9=0) 0<g<s
)
= 2 e Po5) = X mag o) - X e
0<6|gl\;5 03‘91\;5 0<‘g<5
do ) c
Y ol e a(5)
(g=0)
dé (g 0 (9 ¢ c .9
" zu; raa(SP2(5) o2 (5) ~ s +25(50055:0))
0<g<s
0 rad—1 c c
=200l () e 22(5))
(g=0)
1) g\ sad—1 c c g
’ zu; (5P (5) (=) ~ s +25(5459))
0<g<s

SN
(9=0)
- 5 (B0 () - & 2ot
- 5 ron () 2o o)

S (b9 -5 Ged) =0 oo

5N
0 g<é

Note that this is equivalent to showing that

Z m,g[béP2<%) —6—054-2&8(%,@;%,0)} =0 (mod 2a).

5IN
0l g<é
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By (5) and (6) we know that > 75,0P>(2) and Y rs 425 are even integers; since

N|e, it suffices to show

Z 27“@@3(%,&;%,0) =0 (mod 2)

5|N
0l g<é

and

Z 5,9 [béPz(%> - 6_Cc5 +2a5(§,a; %,0)] =0 (mod a)

S|IN
Ol g<sé

(recall that (a,2) =1).

For (7), note that

p= p=1

a—1 2 a—1
cps Ky cp g 1 L9 kg
22;(5*7— b*sJﬁ“)—“;(*rb*s
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a—1 a—1
Sincez,u:(a_Ql)a andZuzz(a_l)%@a_l),weﬁndthat
n=1 =
oS (2 @) L NS IR T
Z\es "0 Ml el T2 Tt e T T la el T2
_of cl@a=1a2a—1) gala—1) la(a—1) s cp
_2<a5 6 +6 2 2 2 ;H{aé—i_éJ
~ (ta@-1) (a-1g 1. . Sk g
<a 2 0 2(@ 1) Z_:La—kdj
pn=1
a—1

Now, 0|N and Nle, so £ € Z. Also, since (a,6) = 1 %

3 is even; and

a—1
2 Z W {% + %J is certainly even. Therefore, reducing the last sum mod 2, we get

=|2|-% ! (mod 2).

Therefore,

R DR (IR

5|IN 5IN
0 g<é 00 g<é

I IEA(EIEE

SN d§ O a<t

XY Y (ml ) g - ety

BIN 215 (,8)=1

d<s (g=0)
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lzz(( > L) el 57) 4

(w(%) T - rao(5) ) —H

(by Corollary 3 of Lemma 1)

6|N
d<6

=0 (mod 2).
It remains to prove (8), i. e. that

5 rfis(2) - & v ans(Guni o)

§|IN
00 g<é

which we now know is an even integer, is in fact an integer congruent to 0 modulo
a.

Now,

52 o r(§) - 5 205(5 )

SIN
0l g<é

<<<<<

-5 Sefa( ¥ P<§§z§>> Ors

GSIN dls (2,2)=1
(5 (520
= 521; rao{%é—(;—i-?as( ﬂ 521; %6:7”551[55(651_[(1 p)>
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Multiplying by 12c¢ yields

Z r(;o[ché— 5 +24acs< )] Z Z2r5dbcdH (1-—

5IN SIN d|é

(g=0) 0<g<s$ pld
2
- % Domae(3)+ 3 S vsaersa(Yuo(g.0)
oggié oigia e‘d

= Z 2750 [bcé — % —|—512a55<§,a>}

5|N
(g=0)

+ Z 227“5,(1 bcdH(l —p)

5|N 3
0<g<é d|d p‘d

- % Tonae(y)

SIN d|§
0<g<s

+ Z 22T6d<2ﬁb el2a—s(dce a)).

SIN |5 5
0<g<s | €

Since 12 hk s(h, k) = (1 — k?)(1 + h?) (mod k) for (h,k) = 1 (see Lemma 10 of the

Appendix of [20]), the last sum is, after reducing mod a,

; 2750 bed — ? +o(1-a?)(1+ (g)z)}
+ Z ZngdbcdH (1-p Z 227“5(1 < )

(9=0)

5N |2 5N
0<g<s$ d 0<g<sé
C 2
+ Z 227“5,1(2# Yde (1 — a?) ( (de) )) (mod a)
SN d|s
0<g<sé
SDIEEUES o) oWt | (o
5|N §|N
(9=0) 0<g<s plg
CZ
Y wf e Y YanLa() ¢ X Sanas(1+5)
§|N SIN d|6 SIN d|§
(9=0) 0<g<s (9=0)
CZ
+ Z 227’5,11(2#(6)656 (14—@)) (mod a)
SN dJs el2
0<g<sé

(ad—bc=1=bc=—1 (mod a)
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— _ Z Z2r5?ddH(1_p)_ Z 227‘5@?(25(%)

Oi‘g]\ié dls Pl Oé‘gj\ié dlo
2
FY Yenu(Sue) + Y S an(S o)
SIN d|s el 8 SIN d|§ e|d
0<g<s d 0<g<sé d
= orsad [(1 2rs a2
SR DD 3] ) (B 9 sE-a1Cy
SN dJs pl3 SN d|s
0<g<sé 0<g<é
CY Sorad(Sue) + ¥ Yo (L)
SIN d|é el SIN d|s el
0<g<s d 0<g<sé d
= orsad (1 ors 0 (S
- T Sradlo-n- T Srabel))
sIN pl g SIN d|s
0<g<é 0<g<sé
2
c
+ 2rsad | [(1—p) + orsa— | [(1—p~?
;dz; s,d 11( p) ;dz; 8.d ™ 6( p)
0<g<s | plg 0<g<s | plg
1
since Zp H (1—p"*). Finally, since ¢(n) = nH(l——) (Proposition 2.2.5
din pln pn P
of [10]), we can write ¢(d/d) as %H(l —p_l), and hence, this last sum is
plg
Y SenZe(@)+ ¥ S Ilo -
SIN d|s SIN d|s pl3
0<g<sé 0<q<6
Y Saae()+ X St (ST )
SIN d|s SIN d|s 2
0<g<s 0<g<s d
=0.
Thus the multiplier is 1. O

To conclude if a product of generalized eta-functions is a modular form, we
have to determine whether it is holomorphic at the cusps. An effective way to do

this is given in [21]:

Theorem R. The order of the function f(7) (defined in Theorem 1) at the cusp

2 s
e
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In the next section, we will use Theorem 1 and Theorem R to create modular
forms on I'g(N). We end this section by showing how these Generalized Dedekind
eta functions can be used to create a modular form of weight two similar to the
Eisenstein series defined in chapter 3 of [13], by looking at their derivatives. Starting

with the transformation formula

ar +b
15,9 (m) = 5,9(A)N5,a9(T)

where g # 0 (see chapter 3, section 2 of [13] to see what happens when g = 0), take

the derivative of both sides with respect to 7:

ar +b 2
ngag (CT + d) (CT + d) = V579(A)77:5,ag (T)’
or,
at +b 5
Mg (g ) = (€7 + )20 g (A1 (7).

So, on I'1(d), 75 ,(7) is a modular function of weight 2 with multiplier v54. Since
Ms,4(T) # 0 for any 7 € h, we can divide nj; ,(7) by 15,4(7), to get a modular function
of weight 2 on I'1(6), without multiplier. In fact, examining 7j ,(7)/7s,4(7) at the

cusps, we find that this is a modular form:

Proposition 1. If f is a modular function of weight 0 with multiplier v on I,
where I" is a congruence subgroup of I", then f’ is a modular function of weight 2
with multiplier » on I”. Furthermore, the order of f’ at a cusp r is equal to the

order of f at r.

Proof. If v € TV, then f(yz) = v(v)f(z); taking the derivative of both sides, we get

f'(y2)(ez +d)"2 = v(7)f'(2), Le.
F'(v2) = v(y)(ez + A2 f'(2).
For the behavior at the cusps, let 79 € I' and suppose

F(o2) =Y angy (qn = 2™/,
n>M
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Then, taking the derivative of both sides, we get

_ 2min
Fo2)coz+do)™? =)  an——di
n>M

i.e. f/(Z)H’yo]z = Z an%# an

n>M
where f(2)|[]x is the slash notation from [13]: f(2)|[v]x = (det v)*/?(cz+d) = f(z2).

Therefore f’ is meromorphic at the cusp r (where r = 7p00), with the same order

at r as f. O

Corollary 1.1. If f is a modular function of weight 0 with multiplier on I and

f#0on h, then f'/f is a modular form of weight 2 on I".

So, for 0 < g < &, ms ,(7)/ns,4(7) € M2(I'1(8)). Furthermore, if §/g = 2,3, 4, or
6, then 1, (7),/ma.0(r) € Ma(To(5)).

We can find the g—expansion of 7j  (7)/7s,4(7) at infinity as follows: starting
with

mg(r) =q2>® [ a-¢m ] @-qm),

m=g(mod §) m=—g(mod §)
m>0 m>0

take the logarithmic derivative of both sides with respect to 7:

15,9 d
Bgy - 2
. (1) = =~ logms,4(7)
d /1
== (§6P2 (%) (2miT) + Z log(1—¢™) + Z log(1 — qm))
T m=g(mod §) m=—g(mod §)
m>0 m>0
= —(—5P2 (—)(27Ti7') - - )
m>0 m>0
1 oo oo
_ 55132(%)27”' _ _Z Z mimg™" 3 Z 2mimg™”
m=g(mod §) n=1 m=—g(mod §) n=1
m>0 m>0
oo oo
- m‘éPz(%) oYY mg -2y Y mgY
N=1 m=g(mod §) N=1 m=—g(mod §)
N=mn N=mn
= m'éPz(%) — 27 Z ( Z m+ Z m)qN
N=1 wm=g(mod §) m=—g(mod §)
N=mn N=mn
oo
— 7id P <%) —2mi 3 oGO ()N
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where U,(f’g) (N) = Z d® + Z d” (and aié’g)(N ) is simply denoted by

d|N d|N
d=g(mod §) d=—g(mod §)

o9 (N)). The rearrangement of the above series is justified since |¢| < 1 and hence

the series Z i mq™" and Z i mq™"™ converge absolutely:

m=g(mod §) n=1 m=—g(mod §) n=1
m>0 m>0

[eS) [eS)
> 2 mlamm= > m) o™
n=1

m=g(mod §) n=1 m=g(mod §)
m>0 m>0

_ Z m lq|™
1 — |gI™

m=g(mod §)
m>0

Since |¢q| < 1, we can write 1 — |g| > € for some € > 0. We then also have 1 — |g|™ >

1—lg| >e€, s0

e r D DI
_ L—|gI™ e _
m=g(mod §) m=g(mod §)

m>0 m>0

which is finite by the ratio test:

1)|q|™* 1

m—o0 m|q|m m—o0

For simplicity, let Héé’g) (1) denote the normalization of the above series, i.e.

!
(5,9) 1 5,9
o = %
2 () = B my )
2 o0
=1 — (09 NqN.
o) 2= )

In conclusion, we have H2(57g)(7') € M>(I'1(d)), and, if g = 2,3,4, or 6, then
Hy"(7) € Ma(To(9)).



