
II. The Generalized Dedekind Eta Function

We now introduce the generalized Dedekind eta function ηδ,g(τ). Let h denote

the upper half plane {a+ bi | b > 0}. For g, δ ∈ Z, with δ > 0, we deÞne

ηδ,g(τ) := e
πiτδP2(g/δ)

!
m≡g (mod δ)

m>0

(1− qm)
!

m≡−g (mod δ)
m>0

(1− qm)

(where q = e2πiτ , τ ∈ h). Note that if g ≡ g! (mod δ), then P2(g/δ) = P2(g
!/δ), so

we may assume 0 � g < δ. If g = 0 and δ = 1, then we get the square of the original
eta function:

η1,0(τ) = η
2(τ),

where η(τ) = e2πiτ/24

∞!
m=1

(1 − qm). Some of the properties of these functions that
are easy to verify include the following:

ηδ,0(τ) = η
2(δτ)

ηδ, δ2
(τ) = η δ

2 ,0
(τ)/ηδ,0(τ) (if δ is even)

ηδ,g(τ) = ηδ,δ−g(τ)

for r ∈ N, ηδ,g(rτ) = ηδr,gr(τ). (4)

These eta functions are a variation of those deÞned by Schoeneberg in [22]. If

η
(Sch)
( gδ )

(τ) denotes Schoeneberg�s version, then

ηδ,g(τ) = η
(Sch)
( gδ )

(δτ).

Since Schoeneberg�s version of the eta function transforms on Γ = SL2(Z), ηδ,g(τ)

should transform on Γ0(δ) =
"
M =

#
a b
c d

$
∈ Γ | c ≡ 0 (mod δ)

%
. In particular,

equation (30) of chapter 8 in [22] becomes

ηδ,g(Aτ) = ηδ,ag(τ) · exp
&
sgn c

'
sgn c · log(cτ + d)− πi

2

()
νδ,g(A)
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where A =

#
a b
c d

$
∈ Γ0(δ),

$x% =
*
x, if g ≡ 0 (mod δ)
0, if g &≡ 0 (mod δ),

and νδ,g is a character given by

νδ,g(A) =

*
exp(πi[ac δP2(

g
δ ) +

d
c δP2(

ag
δ )− 2 sgn c s(a, c/δ; 0, g/δ)]), if c &= 0

exp(πi bdδP2(
g
δ )), if c = 0.

As in [22], the products deÞning these eta functions converge uniformly on compact

subsets of h, and ηδ,g(τ) is never zero on h.

If A ∈ Γ1(δ) =
"
M =

#
a b
c d

$
∈ Γ | c ≡ 0 (mod δ) and a ≡ b ≡ 1 (mod δ)

%
,

then a ≡ 1 (mod δ), so ηδ,g(τ) is a modular function of weight zero [resp., one] if

0 < g < δ [resp., g = 0] on Γ1(δ) with multiplier νδ,g [resp., e
−πi sgn cνδ,0]. However,

if A ∈ Γ0(δ), then we may not get the same eta function back, e.g.

η5,1

+2τ + 1
5τ + 3

,
= e−4πi/15η5,2(τ).

We now prove a result similar to one of Robins. In [21], Robins proved the following:

Proposition. Let N ∈ N,

f(τ) =
!
δ|N

0� g<δ

η
rδ,g
δ,g (τ)

where rδ,g ∈ Z, with rδ,0 and rδ, δ2
allowed to be half-integers, and let k =

-
δ|N

rδ,0 ∈ Z.

If -
δ|N

0� g<δ

rδ,g δ P2

+g
δ

,
≡ 0 (mod 2)

and -
δ|N

0� g<δ

rδ,g
N

δ

1

6
≡ 0 (mod 2),

then f is a modular function of weight k on Γ1(N) (with trivial multiplier).

We now prove a similar theorem for Γ0(N):
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Theorem 1. Let N ∈ N,

f(τ) =
!
δ|N

0� g<δ

η
rδ,g
δ,g (τ)

where rδ,g ∈ Z, rδ,ag = rδ,g for all a with (a,N) = 1, and k =
-
δ|N

rδ,0 be an even

integer.

If -
δ|N

0� g<δ

rδ,g δ P2

+g
δ

,
≡ 0 (mod 2) (5)

and -
δ|N

0� g<δ

rδ,g
N

δ

1

6
≡ 0 (mod 2) (6)

then f is modular of weight k on Γ0(N) (with trivial multiplier).

Proof. As in [16], it suffices to consider those A with (a, 6) = 1 and a > 0, c > 0

(since these matrices generate Γ0(N)). For the purposes of making this proof easier,

we will also assume that rδ, δ2
= 0 for all even δ. We lose no generality with this

assumption since ηδ, δ2
(τ) = η δ

2 ,0
(τ)/ηδ,0(τ) and the congruences (5) and (6) do not

change (rδP2(1/2) = r
δ
2

1
6 − rδ 1

6 and r
N
6δ = r

N
6δ/2 − rN6δ ). Now, f transforms as

f(Aτ) =
!
δ|N

0� g<δ

η
rδ,g
δ,ag(τ) exp

+
rδ,g

'
log(cτ + d)− πi

2

(,
ν
rδ,g
δ,g (A)

= f(τ)
!
δ|N

(g=0)

exp
+
rδ,0

+
log(cτ + d)− πi

2

,, !
δ|N

0� g<δ

ν
rδ,g
δ,g (A)

= f(τ)(cτ + d)ke−πik/2
!
δ|N

0� g<δ

ν
rδ,g
δ,g (A).

We want to show that

e−πik/2
!
δ|N

0� g<δ

ν
rδ,g
δ,g (A) = 1.
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This multiplier is

!
δ|N

(g=0)

e−πirδ,0/2
!
δ|N

0� g<δ

ν
rδ,g
δ,g (A)

=
!
δ|N

(g=0)

e−πirδ,0/2
!
δ|N

0� g<δ

exp
+
rδ,gπi

.a
c
δP2

+g
δ

,
+
d

c
δP2

+ag
δ

,
− 2 s

+
a,
c

δ
; 0,
g

δ

,/,

= exp
+
πi
.-

δ|N
(g=0)

−rδ,0
2

+
-
δ|N

(g=0)

rδ,0

+a+ d
6c

δ − 2 s
+
a,
c

δ

,,

+
-
δ|N

0<g<δ

rδ,g

+a+ d
c

δP2

+g
δ

,
− 2 s

+
a,
c

δ
; 0,

g

δ

,, /,
,

so we want to show

-
δ|N

(g=0)

rδ,0

+
−1
2
+
a+ d

6c
δ − 2 s

+
a,
c

δ

,,

+
-
δ|N

0<g<δ

rδ,g

+a+ d
c

δP2

+g
δ

,
− 2 s

+
a,
c

δ
; 0,
g

δ

,,
≡ 0 (mod 2).

Using the reciprocity of Meyer sums, we get

-
δ|N

(g=0)

rδ,0

+
−1
2
+
a+ d

6c
δ − 2 s

+
a,
c

δ

,,

+
-
δ|N

0<g<δ

rδ,g

+a+ d
c

δP2

+g
δ

,
− 2 s

+
a,
c

δ
; 0,
g

δ

,,

=
-
δ|N

(g=0)

−rδ,0
2

+
-
δ|N

(g=0)

rδ,0
a+ d

6c
δ +

-
δ|N

0<g<δ

rδ,g
a+ d

c
δP2

+g
δ

,

+
-
δ|N

(g=0)

+
−2rδ,0

.
−s
+ c
δ
, a
,
− 1
4
+
1

12

aδ

c
+

δ

12ac
+

c

12aδ

/,

+
-
δ|N

0<g<δ

+
−2rδ,g

.
−s
+ c
δ
, a ;

g

δ
, 0
,
+
1

2

aδ

c
P2

+g
δ

,

+
δ

2ac
P2

+ag
δ

,
+

c

12aδ

/,



15

=
-
δ|N

(g=0)

−rδ,0
2

+
-
δ|N

(g=0)

rδ,0
a+ d

6c
δ +

-
δ|N

0<g<δ

rδ,g
a+ d

c
δP2

+g
δ

,

+
-
δ|N

(g=0)

2rδ,0 s
+ c
δ
, a
,
+
1

2

-
δ|N

(g=0)

rδ,0 −
-
δ|N

(g=0)

rδ,0
6

aδ

c

−
-
δ|N

(g=0)

rδ,0
6

δ

ac
−
-
δ|N

(g=0)

rδ,0
c

6aδ
+
-
δ|N

0<g<δ

2rδ,gs
+ c
δ
, a ;

g

δ
, 0
,

−
-
δ|N

0<g<δ

rδ,g
aδ

c
P2

+g
δ

,
−
-
δ|N

0<g<δ

rδ,g
δ

ac
P2

+ag
δ

,
−
-
δ|N

0<g<δ

rδ,g
c

6aδ

=
-
δ|N

(g=0)

rδ,0

+dδ
6c
− δ

6ac
− c

6aδ
+ 2 s

+ c
δ
, a
,,

+
-
δ|N

0<g<δ

rδ,g

+dδ
c
P2

+g
δ

,
− δ

ac
P2

+g
δ

,
− c

6aδ
+ 2 s

+ c
δ
, a ;

g

δ
, 0
,,

=
-
δ|N

(g=0)

rδ,0

+ δ
6c

+ad− 1
a

,
− c

6aδ
+ 2 s

+ c
δ
, a
,,

+
-
δ|N

0<g<δ

rδ,g

+δ
c
P2

+g
δ

,+ad− 1
a

,
− c

6aδ
+ 2 s

+ c
δ
, a ;

g

δ
, 0
,,

=
-
δ|N

(g=0)

rδ,0

+ bδ
6a
− c

6aδ
+ 2 s

+ c
δ
, a
,,

+
-
δ|N

0<g<δ

rδ,g

+bδ
a
P2

+g
δ

,
− c

6aδ
+ 2 s

+ c
δ
, a ;

g

δ
, 0
,,

=
-
δ|N

0� g<δ

rδ,g

+ b
a
δP2

+g
δ

,
− c

6aδ
+ 2 s

+ c
δ
, a ;

g

δ
, 0
,,
.

So it suffices to show

-
δ|N

0� g<δ

rδ,g

+ b
a
δP2

+g
δ

,
− c

6aδ
+ 2 s

+ c
δ
, a ;

g

δ
, 0
,,
≡ 0 (mod 2).

Note that this is equivalent to showing that

-
δ|N

0� g<δ

rδ,g

.
bδP2

+g
δ

,
− c

6δ
+ 2a s

+ c
δ
, a ;

g

δ
, 0
,/
≡ 0 (mod 2a).
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By (5) and (6) we know that
0
rδ,gδP2(

g
δ ) and

0
rδ,g

N
6δ are even integers; since

N |c, it suffices to show

-
δ|N

0� g<δ

2rδ,g a s
+ c
δ
, a ;

g

δ
, 0
,
≡ 0 (mod 2) (7)

and

-
δ|N

0� g<δ

rδ,g

.
bδP2

+g
δ

,
− c

6δ
+ 2a s

+ c
δ
, a ;

g

δ
, 0
,/
≡ 0 (mod a) (8)

(recall that (a, 2) = 1).

For (7), note that

2a s
+ c
δ
, a;

g

δ
, 0
,
= 2a

-
µ(mod a)

11
µ

a

2211
cµ

aδ
+
g

δ

22

= 2a
a−1-
µ=1

1
µ

a
− 1
2

2 11
cµ

aδ
+
g

δ

22

=
a−1-
µ=1

2µ

11
cµ

aδ
+
g

δ

22
− a

a−1-
µ=1

11
cµ

aδ
+
g

δ

22
.

From the deÞnition of ((x)) and the fact that cµaδ +
g
δ &∈ Z, this last sum is

2
a−1-
µ=1

1
µ

#
cµ

aδ
+
g

δ

$
− µ

3cµ
aδ
+
g

δ

4
− 1
2
µ

2
− a

a−1-
µ=1

11
cµ

aδ
+
g

δ

22

= 2
a−1-
µ=1

1
cµ2

aδ
+
µg

δ
− µ

3cµ
aδ
+
g

δ

4
− 1
2
µ

2
− a

a−1-
µ=1

11
µ

a
+
g

δ

22

= 2
a−1-
µ=1

1
cµ2

aδ
+
µg

δ
− µ

3cµ
aδ
+
g

δ

4
− 1
2
µ

2
− a

a−1-
µ=1

1
µ

a
+
g

δ
−
3µ
a
+
g

δ

4
− 1
2

2
.



17

Since
a−1-
µ=1

µ =
(a− 1)a

2
and

a−1-
µ=1

µ2 =
(a− 1)a(2a− 1)

6
, we Þnd that

2
a−1-
µ=1

1
cµ2

aδ
+
µg

δ
− µ

3cµ
aδ
+
g

δ

4
− 1
2
µ

2
− a

a−1-
µ=1

1
µ

a
+
g

δ
−
3µ
a
+
g

δ

4
− 1
2

2

= 2

1
c

aδ

(a− 1)a(2a− 1)
6

+
g

δ

a(a− 1)
2

− 1
2

a(a− 1)
2

−
a−1-
µ=1

µ
3cµ
aδ
+
g

δ

42

− a
1
1

a

a(a− 1)
2

+
(a− 1)g

δ
− 1
2
(a− 1)−

a−1-
µ=1

3µ
a
+
g

δ

42

=
c

δ

(a− 1)(2a− 1)
3

+
g

δ
a(a− 1)− 1

2
a(a− 1)− 2

a−1-
µ=1

µ
3cµ
aδ
+
g

δ

4

− 1
2
a(a− 1)− a(a− 1)g

δ
+
1

2
a(a− 1) + a

a−1-
µ=1

3µ
a
+
g

δ

4

=
c

δ

(a− 1)(2a− 1)
3

− 1
2
a(a− 1)− 2

a−1-
µ=1

µ
3cµ
aδ
+
g

δ

4
+ a

a−1-
µ=1

3µ
a
+
g

δ

4
.

Now, δ|N and N |c, so c
δ ∈ Z. Also, since (a, 6) = 1, (a−1)(2a−1)

3 is even; and

2
a−1-
µ=1

µ
3cµ
aδ
+
g

δ

4
is certainly even. Therefore, reducing the last sum mod 2, we get

−1
2
a(a− 1) + a

a−1-
µ=1

3µ
a
+
g

δ

4
≡
3ag
δ

4
− a− 1

2
(mod 2).

Therefore,

-
δ|N

0� g<δ

2rδ,g a s
+ c
δ
, a ;

g

δ
, 0
,
≡

-
δ|N

0� g<δ

rδ,g

#3ag
δ

4
− a− 1

2

$

=
-
δ|N

-
d|δ

-
0� g<δ
(g,δ)=d

rδ,g

#3ag
δ

4
− a− 1

2

$

=
-
δ|N

-
d|δ
d<δ

-&
g
d ,

δ
d

)
=1

#
rδ,g

3ag/d
δ/d

4
− rδ,g a− 1

2

$
−
-
δ|N

(g=0)

rδ,0
a− 1
2
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=
-
δ|N

-
d|δ
d<δ

#
rδ,d

# -&
g
d ,

δ
d

)
=1

3ag/d
δ/d

4$
− rδ,dφ

+ δ
d

,a− 1
2

$
− ka− 1

2

=
-
δ|N

-
d|δ
d<δ

#
rδ,d φ

+ δ
d

,a− 1
2

− rδ,d φ
+ δ
d

,a− 1
2

$
− ka− 1

2

(by Corollary 3 of Lemma 1)

= −k a− 1
2

≡ 0 (mod 2).

It remains to prove (8), i. e. that

-
δ|N

0� g<δ

rδ,g

.
bδP2

+g
δ

,
− c

6δ
+ 2a s

+ c
δ
, a ;

g

δ
, 0
,/
,

which we now know is an even integer, is in fact an integer congruent to 0 modulo

a.

Now,-
δ|N

0� g<δ

rδ,g

.
bδP2

+g
δ

,
− c

6δ
+ 2a s

+ c
δ
, a ;

g

δ
, 0
,/

=
-
δ|N

(g=0)

rδ,0

.bδ
6
− c

6δ
+ 2a s

+ c
δ
, a
,/
+
-
δ|N

0<g<δ

-
d|δ
rδ,d

.
bδ
+ -

(g,δ)=d

P2

+g
δ

,,

− φ
+ δ
d

, c

6δ
+
+ -

(g,δ)=d

2a s
+ c
δ
, a ;

g

δ
, 0
,,/

=
-
δ|N

(g=0)

rδ,0

.bδ
6
− c

6δ
+ 2a s

+ c
δ
, a
,/

+
-
δ|N

0<g<δ

-
d|δ
rδ,d

.
bδ
+ -

( gd ,
δ
d )=1

P2

+g/d
δ/d

,,
− φ

+ δ
d

, c

6δ
+

+ -
( gd ,

δ
d )=1

2a s
+ c
δ
, a ;

g/d

δ/d
, 0
,,/

=
-
δ|N

(g=0)

rδ,0

.bδ
6
− c

6δ
+ 2a s

+ c
δ
, a
,/
+
-
δ|N

0<g<δ

-
d|δ
rδ,d

.
bδ
+ d
6δ

!
p| δd

+
1− p

,,

− φ
+ δ
d

, c

6δ
+
+-
e| δd

µ(e)2a s
+ c
δ

δ

de
, a
,,/

.
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Multiplying by 12c yields

-
δ|N

(g=0)

rδ,0

.
2bcδ − 2c

2

δ
+ 24ac s

+ c
δ
, a
,/
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d bcd

!
p| δd

(1− p)

−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,
+
-
δ|N

0<g<δ

-
d|δ
24ac rδ,d

+-
e| δd

µ(e)s
+ c
de
, a
,,

=
-
δ|N

(g=0)

2rδ,0

.
bcδ − c

2

δ
+ δ 12a

c

δ
s
+ c
δ
, a
,/

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d bcd

!
p| δd

(1− p)

−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

+-
e| δd

µ(e)de 12a
c

de
s
+ c
de
, a
,,
.

Since 12hk s(h, k) ≡ (1− k2)(1 + h2) (mod k) for (h, k) = 1 (see Lemma 10 of the

Appendix of [20]), the last sum is, after reducing mod a,

-
δ|N

(g=0)

2rδ,0

.
bcδ − c

2

δ
+ δ (1− a2)

+
1 +

+ c
δ

,2,/

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d bcd

!
p| δd

(1− p)−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

+-
e| δd

µ(e)de (1− a2)
+
1 +

+ c
de

,2,,
(mod a)

≡
-
δ|N

(g=0)

2rδ,0(−1)δ +
-
δ|N

0<g<δ

-
d|δ
2rδ,d(−1)d

!
p| δd

(1− p)

−
-
δ|N

(g=0)

2rδ,0
c2

δ
−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,
+
-
δ|N

(g=0)

-
d|δ
2rδ,0 δ

+
1 +

c2

δ2

,

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

+-
e| δd

µ(e)de
+
1 +

c2

d2e2

,,
(mod a)

(ad− bc = 1⇒ bc ≡ −1 (mod a)
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= −
-
δ|N

0<g<δ

-
d|δ
2rδ,d d

!
p| δd

(1− p)−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

+-
e| δd

µ(e)de
,
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

+-
e| δd

µ(e)
c2

de

,

= −
-
δ|N

0<g<δ

-
d|δ
2rδ,d d

!
p| δd

(1− p)−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d d

+-
e| δd

µ(e)e
,
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

d

+-
e| δd

µ(e)e−1
,

= −
-
δ|N

0<g<δ

-
d|δ
2rδ,d d

!
p| δd

(1− p)−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,

+
-
δ|N

0<g<δ

-
d|δ
2rδ,d d

!
p| δd

(1− p) +
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

d

!
p| δd

(1− p−1)

since
-
d|n
µ(d)dk =

!
p|n
(1−pk). Finally, since φ(n) = n

!
p|n

+
1− 1

p

,
(Proposition 2.2.5

of [10]), we can write φ(δ/d) as δ
d

!
p| δd

+
1− p−1

,
, and hence, this last sum is

−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+ δ
d

,
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

d

!
p| δd

(1− p−1)

−
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ
φ
+δ
d

,
+
-
δ|N

0<g<δ

-
d|δ
2rδ,d

c2

δ

+ δ
d

!
p| δd

(1− p−1)
,

= 0.

Thus the multiplier is 1. !

To conclude if a product of generalized eta-functions is a modular form, we

have to determine whether it is holomorphic at the cusps. An effective way to do

this is given in [21]:

Theorem R. The order of the function f(τ) (defined in Theorem 1) at the cusp

λ
µ% is

N

2

-
δ|N

0� g<δ

rδ,g
(δ, ')2

δ'
P2

+ λg

(δ, ')

,
.
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In the next section, we will use Theorem 1 and Theorem R to create modular

forms on Γ0(N). We end this section by showing how these Generalized Dedekind

eta functions can be used to create a modular form of weight two similar to the

Eisenstein series deÞned in chapter 3 of [13], by looking at their derivatives. Starting

with the transformation formula

ηδ,g

+aτ + b
cτ + d

,
= νδ,g(A)ηδ,ag(τ)

where g &= 0 (see chapter 3, section 2 of [13] to see what happens when g = 0), take
the derivative of both sides with respect to τ :

η!δ,g
+aτ + b
cτ + d

,
(cτ + d)−2 = νδ,g(A)η

!
δ,ag(τ),

or,

η!δ,g
+aτ + b
cτ + d

,
= (cτ + d)2νδ,g(A)η

!
δ,ag(τ).

So, on Γ1(δ), η
!
δ,g(τ) is a modular function of weight 2 with multiplier νδ,g. Since

ηδ,g(τ) &= 0 for any τ ∈ h, we can divide η!δ,g(τ) by ηδ,g(τ), to get a modular function

of weight 2 on Γ1(δ), without multiplier. In fact, examining η
!
δ,g(τ)/ηδ,g(τ) at the

cusps, we Þnd that this is a modular form:

Proposition 1. If f is a modular function of weight 0 with multiplier ν on Γ!,

where Γ! is a congruence subgroup of Γ, then f ! is a modular function of weight 2

with multiplier ν on Γ!. Furthermore, the order of f ! at a cusp r is equal to the

order of f at r.

Proof. If γ ∈ Γ!, then f(γz) = ν(γ)f(z); taking the derivative of both sides, we get
f !(γz)(cz + d)−2 = ν(γ)f !(z), i.e.

f !(γz) = ν(γ)(cz + d)2f !(z).

For the behavior at the cusps, let γ0 ∈ Γ and suppose

f(γ0 z) =
-
n≥M

an q
n
N (qN = e

2πiz/N ).
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Then, taking the derivative of both sides, we get

f !(γ0 z)(c0 z + d0)
−2 =

-
n≥M

an
2πin

N
qnN ,

i.e. f !(z)|[γ0]2 =
-
n≥M

an
2πin

N
qnN

where f(z)|[γ]k is the slash notation from [13]: f(z)|[γ]k = (det γ)k/2(cz+d)−kf(γz).

Therefore f ! is meromorphic at the cusp r (where r = γ0∞), with the same order
at r as f . !

Corollary 1.1. If f is a modular function of weight 0 with multiplier on Γ! and

f &= 0 on h, then f !/f is a modular form of weight 2 on Γ!.

So, for 0 < g < δ, η!δ,g(τ)/ηδ,g(τ) ∈M2(Γ1(δ)). Furthermore, if δ/g = 2, 3, 4, or

6, then η!δ,g(τ)/ηδ,g(τ) ∈M2(Γ0(δ)).

We can Þnd the q�expansion of η!δ,g(τ)/ηδ,g(τ) at inÞnity as follows: starting

with

ηδ,g(τ) = q
1
2 δP2( gδ )

!
m≡g(mod δ)

m>0

(1− qm)
!

m≡−g(mod δ)
m>0

(1− qm),

take the logarithmic derivative of both sides with respect to τ :

η!δ,g
ηδ,g

(τ) =
d

dτ
log ηδ,g(τ)

=
d

dτ

+1
2
δP2

+g
δ

,
(2πiτ) +

-
m≡g(mod δ)

m>0

log(1− qm) +
-

m≡−g(mod δ)
m>0

log(1− qm)
,

=
d

dτ

+1
2
δP2

+g
δ

,
(2πiτ)−

-
m≡g(mod δ)

m>0

∞-
n=1

qmn

n
−

-
m≡−g(mod δ)

m>0

∞-
n=1

qmn

n

,

=
1

2
δP2

+g
δ

,
2πi−

-
m≡g(mod δ)

m>0

∞-
n=1

2πimqmn −
-

m≡−g(mod δ)
m>0

∞-
n=1

2πimqmn

= πiδP2

+g
δ

,
− 2πi

∞-
N=1

-
m≡g(mod δ)

N=mn

mqN − 2πi
∞-
N=1

-
m≡−g(mod δ)

N=mn

mqN

= πiδP2

+g
δ

,
− 2πi

∞-
N=1

+ -
m≡g(mod δ)

N=mn

m+
-

m≡−g(mod δ)
N=mn

m
,
qN

= πiδP2

+g
δ

,
− 2πi

∞-
N=1

σ(δ,g)(N)qN
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where σ
(δ,g)
k (N) =

-
d|N

d≡g(mod δ)

dk +
-
d|N

d≡−g(mod δ)

dk (and σ
(δ,g)
1 (N) is simply denoted by

σ(δ,g)(N)). The rearrangement of the above series is justiÞed since |q| < 1 and hence
the series

-
m≡g(mod δ)

m>0

∞-
n=1

mqmn and
-

m≡−g(mod δ)
m>0

∞-
n=1

mqmn converge absolutely:

-
m≡g(mod δ)

m>0

∞-
n=1

m|q|mn =
-

m≡g(mod δ)
m>0

m
∞-
n=1

|q|mn

=
-

m≡g(mod δ)
m>0

m
|q|m

1− |q|m .

Since |q| < 1, we can write 1− |q| > ' for some ' > 0. We then also have 1− |q|m >
1− |q| > ', so -

m≡g(mod δ)
m>0

m
|q|m

1− |q|m <
1

'

-
m≡g(mod δ)

m>0

m|q|m,

which is Þnite by the ratio test:

lim
m→∞

(m+ 1)|q|m+1

m|q|m = |q| lim
m→∞

m+ 1

m
= |q| < 1.

For simplicity, let H
(δ,g)
2 (τ) denote the normalization of the above series, i.e.

H
(δ,g)
2 (τ) =

1

πiδP2(g/δ)

η!δ,g
ηδ,g

(τ)

= 1− 2

δP2(g/δ)

∞-
N=1

σ(δ,g)(N)qN .

In conclusion, we have H
(δ,g)
2 (τ) ∈ M2(Γ1(δ)), and, if

δ
g = 2, 3, 4, or 6, then

H
(δ,g)
2 (τ) ∈M2(Γ0(δ)).


