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Abstract We consider aclt1 diffeomorphism f of a compact manifold” which
preserves an ergodic probability measuraMe conclude that-a.ex € M is contained in

a diskD, c W (x), with D, open in theW" (x) topology, which exhibits an exponential
volume growth rate greater than or equal to the measure-theoretic entrgpyithf respect

to u. Drawing on results of Newhouse and Yomdin, we then find that whes C*

andu is a measure of maximal entropy, this exponential volume growth rate equals the
topological entropy off for u-a.e.x.

1. Introduction

Let f be a diffeomorphism of a compact manifold which preserves an ergodic
probability measurg.. We sayf is C1+* if f and f~1 havea-Holder derivatives, and
fis cHLif £ and £~ have Lipschitz derivatives. The measure-theoretic entropg of
with respect tow will be denoted by, while 2 will denote the topological entropy of
f. The global unstable manifold of a pointwill be denoted bWé‘,ob(x). Letting V(A)
denote the volume of a submanifoddcomputed with respect to the induced metrican
we define the exponential volume growth ratedo&s

n
G(A) = liminf } log Vi A).
n—>oo pn V(A)
Also define 1 VA
I'(A) = lim —log (/7A4)
n—oo n V(A)
whenever this limit exists.
In [4], Newhouse establishes that
. 1 V(D))
suplimsup- log ————= >
Dp n—>oopi’l g V(D) -

for 1 self-maps ofM, where the supremum is taken over digkséransverse to stable
manifolds. He extends these results3h pnd incorporates ideas developed by Yomdin in
[1Q] in the C*° case to prove:
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(i) there exists &> disk D such that

V(f" (D))

1
lim —log =h,

n—00 n V(D)
(i) the mapu — h,(f) is uppersemicontinuous, and
(i) themapf — h(f) is uppersemicontinuous.

In this paper we develop analogues of Newhouse’s volume growth rate results for
c!*1 diffeomorphisms, the essential differences being that we need only consider disks
contained in unstable manifolds, and our results take the form of a.e.-existence as opposed
to simple existence. Specifically, we will prove the following theorem.

THEOREM1.1. Let f be a C'*! diffeomorphism of a compact manifold which
preserves an ergodic probability measwreThen foru-a.e.x € M, there exists a disk,,

open in the submanifold topology é‘,ob(x), withx € D, C glob(x) andG(Dyx) > hy,.
COROLLARY 1.1. If f is C1*1, then there exish C M of measure one with respect to
any f-invariant probability measure and a dig,, open in the submanifold topology of

ngob(x), withx € D, C ngob(x) for eachx € A such thaisup,.4 G(Dy) > h.

COROLLARY 1.2. If fis C®°, there exists a disk such thatl'(D) = k. Further, if u is
a measure of maximal entropy, then jora.e.x € M, there exists a disk,, open in the
submanifold topology dﬂlglob(x), withx € D, C ngob(x) andI'(Dy) = h.

2. Preliminaries
Consider a diffeomorphisnf acting on a manifoldM, together with anf-invariant,
ergodic probability measune defined on the Borel sets &1.

Given a metricp defined on a neighborhood af in ngob(x), the local unstable
manifold of radiusr with respect to the metrip of a pointx will be denoted by
Wios(x,r, p). Wig.(x) will be used on those occasions when it is unnecessary to specify
a radius and metric. We also defiB&(x, r, p) C ngob(x) as being the ball, open in the
unstable manifold topology, aboutof radiusr with respect to a metrip.

We may use the multiplicative ergodic theorem of Oseledec with respect to our invariant
measure: to conclude the following:

MET-1 foru-a.e.x € M, there existf-invariant non-negative integer-valued functiens
andv; f-invariant positive integer-valued functions

d—y,...,d_1,do,d1, ...,dy;
and f-invariant real-valued functions
—0 <A g < <A1<d=0<At1<---<Ay <00
MET-2 foru-a.e.x € M, there exists arf-invariant splitting of7, (M) as
El,®  -®E , ®Ey®E{® - E;

MET-3 forpu-a.ex € M,dimE}) =d; for —o <i < v;
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MET-4 foru-a.ex € M, —o <i < v, and any non-zero € E*,

1 .
lim = log | Dx /" (W)l = As;
n—toon

MET-5 foru-a.ex e Mand—o <i < j <w,

lim sup—% log Z(Dx " (vi), Dx f" (vj)) <0

n—oo
forv; € Ef andv; ¢ E)]‘..

We refer to the numbers_., ..., A_1, A0, A1, ..., A, @S Lyapunov exponents. For
our purposes, it will often be sufficient to deal with a coarser invariant splittirig. ¥/)
into stable, center, and unstable subspacges-at.x € M, which we shall denote by
ES ® ES ® E}. We defines = dm(E’) = d_, + --- +d_1, c = dim(E°) = dp, and
u =dimE") =d1+ - - - + dy,. We further definé.min = min{|A_1[, A1}.

At u-a.e.x € M, we are able to define a new inner product and norm adapted to reflect
the long-term behavior of the mapping along an orbit. (Excellent references for more
details on the following material ar@][and [6].) We first define the adapted inner product
as follows:

~

_ ﬁi (Dxfin(u), Dxfin(U»

(u, v), 200 foru,v € EY,
n=0
0 D n , D n
(u,v);:ﬁ Z (Dy f (M)Zlnle (v)) foru,UEE;,
e
n=—00
o0
(Dx f"(u), Dx f"(v))
(u,v), = \/EZO x ezn(ere) foru, v € Ej.
n=

Then extend-, -)’ to all of T, (M) by imposing mutual orthogonality with respect(to-)’
on the subspacés!, ES, andES. The definition of the adapted nor|’. follows as usual
from that of the adapted inner product. The faci® is simply a convenient geometrical
factor included to guarantee thiat | < || - ||I’. It could be omitted here, at the cost of
including a factor of 1+/2 at numerous other places.

From the above definition, we see that there exists a measurable fuibtionsuch
that|-|| < |- II' < Hx)| - |l ande ¢ < H(f(x))/H (x) < e¢. Then we can find compact
setsAy C M,k € N, with Ax C Agy1 C A andu(Ugey Ax) = 1, such that for € Z
there exists an adapted norm definedrarf” (Ax)), denoted by - |Ix.», which satisfies

k
IR <11 llkn < Il - IR - e®FImDE, (1)

where || - ||r refers to the given Riemannian norm @hv/. By imposing this norm
on the tangent space of an image disk of the exponential chart from a neighborhood of
x € f"(Ay) into RIM™M) e generate a corresponding metric on this chart. We will call

this metricpk . x, Or simply o ,. We can assume the above relations hold among metrics,
ie.

d < pen <d-e®Ie, 2
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whered is the Riemannian metric.
It is important to notice the ‘good’ behavior of these new norms with respect to the
mapping, in the sense that

1D friey f )kt = [vllen - €79 forv e Ef ),

—€

vl - €€ = 1D fry fF W lknrr = N0llkn - €
U1to)

forv e Ef,,

1D gn ey f ) lkent1 < Mllk,n forv e B,

Note also that, by (1), we may assume tifi&Ax) C Ak4jn forn € Z.
Standard techniques of non-uniform, partial hyperbolic theory @der{details) allow
us to conclude that:

MAN-1 For anyk andn € Z andu-a.e.x € Ay, there exist local unstable manifolds
W|'6C(fnx7 e—(k+|n|)e, /Ok,n)-

MAN-2  f is uniformly expanding with respect to adapted norm distances on these local
unstable manifolds; i.e., foy, z € Wy (f"x,e~**M< p ) andn € N, we
havef =ty andf =1z € Wi (f"1x, e~ *tn=De p 1), and

Prn(y,2) > 72 o (F 7y, 1), 3

MAN-3 Similarly, =1 is uniformly contracting with respect to adapted norm distances
on these local unstable manifolds.

MAN-4 By Lusin’s theorem, givet, there exists (k) > 0 such that whenever< r(k),
the manifoldsW{.(y, e %€, pr.0) of pointsy € B(x, r) N A; form a continuous
family of embedded disks, whe®(x, r) is the ball of radiug aboutx in M.

We now review some pertinent facts regarding measurable partitions of our mavifold
considered as a measure spékg 1) with a probability measurg defined on its Borel
sets. An excellent reference for more details7is [

Supposet is a partition of M. We will let &, denote the element of the partition
containingx € M, and M /¢ denote the factor space whose points are the elements of
&. We will say thaté is a measurable partition if there exists a countable collection of
measurable seB = {B,, : n € N} such that for any: € N and¢, € &, eitheré, C B, or
& C M — B,; andé, = Np,-¢, B,. We say thaB generate§.

Given a measurable partitignof (M, w), there exists a probability measugedefined
on the factor spac#f/&, and a system of conditional probability measyrgsdefined for
u-a.ex € M on its corresponding, with the following properties:

PROB-1 for anyu-measurable set ¢ M, A N &, is u,-measurable fop-a.e.x € N;
PROB-2 u.(A N &) is ave-measurable function; and finally,
PROB-3 1u(A) = [y 1x(A N ED)dve.

Let ¢+ be another measurable partition. We say thatfinesg, and writey > &, if for
u-a.ex € M, ¥, C&,.

In [1], Ledrappier and Strelcyn prove the existence of a measurable partitidnth
very useful properties. We sketch the construction here.

Fix k with £ (Ag) > 0, and choose € Suppgu|Ar). We leta(z, r) be the partition
with members being the individual sét§’ (v, e ke, Pk.0) N B(z,r)fory € Ax N B(z,7)
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andr < r(k), along with the complement of their union. Recall tiBgt, r) C M is the
open ball of radius centered at € M. Recall also the essential defining property @f)
from (MAN-4): givenk, there exists (k) > 0 such that whenever < r (k) the manifolds
Wio (v, e ke, pk.0) Of pointsy € B(z,r) N Ax form a continuous family of embedded
disks. (For more details on essential properties of these manifoldsljsgeThen we
define the partition

£z = \/f (@ (z, 7))
i=0
There exists a neighborhoddc R™ of zero such that for Lebesgue-acec I, £(z, 1)
has the following properties:

PART-1  The forward images of thé,’ (v, e ke, pk.0) N B(z, r) cover a set of measure
one; i.e.,u(UZo /1 (Uyenirona, Wise() N B(z,r2))) = 1. This follows
from the ergodicity of the invariant measyrewith respect tof, and the fact
thatu(B(z, ;) N Ag) > 0.

PART-2 &(z,r,) refinesf(é(z, r;)); i.e.,&(z, r;) > f(&(z, r;)). This follows from the
definition of&(z, r;).

PART-3 &(z, r;) is subordinate to thwglob foliation; i.e., foru-a.e.x, & C Wé’lob(x),
and contains a neighborhood.obpen in the submanifold topology.

PART-4  Foru-a.ey, U ez, ., B"(x.1.d) C Dy C Wg,(y) for a ball Dy, open in
the unstable submanifold topology, of finite volume computed with respect to
d. (This follows from the construction &f(z, r,), and PART-1.)

Given a choice ok andz, we will denote the associated partitib(z, r,) as eitheg*,
&%, or simplyé when confusion is unlikely.

Define V (x,n,8) = {y € Wjop(*) : d(f*x, f¥y) < 8, 0 < k < n}. Fix anyk with
w(Ar) > 0, and any; € Suppu|Ay). Let £2% denote the measurable partition defined
above. We refer t§** simply as¢, the ballB(z, r.) asB, and the induced measurg as

v. Note thath, (f, &) = H(E| \/oq fE) = H(E| f§), sincet refinesy (£).
Then the equation proved in 89.2 @ ctates that

lim liminf —— Iogux(V(x n,8)) > h,(f &) foru-aexeM. 4)

§—0 n—>o0

We may also use the invariancefind the a.e.-uniqueness of conditional measures to
deduce that the limit in (4),

lim I|m|nf——logux(V(x n,9)),

5§—0 n—

is independent of the choice 6f despite the apparent dependence which enters through
the conditional measures, and that this limit is invariant, hence a.e.-constant by ergodicity.
As a consequence, we may reasonably defingitlaee. constant-independent entropy
along the unstable foliation as beinfj = h,,(f, §). Note that (4) then becomes

lim liminf —— Iogy,x(V(x n,98)) > h” for u-a.ex € M.

§—>0 n—o0
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3. Proofs

PROPOSITION3.1. Let f be aC* diffeomorphism of a compact manifol which
preserves an ergodic probability measwreThen foru-a.e.x € M, there exists a disk,,
openin the submanifoldtopologymglob(x), withx € D, C ngob(x) andG(Dy) > hy,.-

Proof. Sinceu,(V (x, n, §)) is a decreasing function éf we note that for any sequence
{8n};2 o of positive numbers with ligL, o 8, = 0,
. 1 L 1
liminf ——logu,(V(x,n, 8,)) > liminf ——log u, (V (x, n, 8))
n—oo n n—oo n
for fixeds > 0. Then we may conclude that
1
liminf —=logux(V(x,n,8,)) > h,, forpu-aexe M. (5)
n—o00 n

Let & be any partition possessing the properties (PART). Chease0, and generate
the associated sefs;, k € N, as described in the preliminaries. Fiwith w(Ax) > 0.
For u-a.e.x € Ay, ux(Ax) > 0, while forv-a.e.&,, (5) holds atu,-a.e.y € &, since
it holds u-a.e. onM. Thus, foru-a.e. pointp € A, and any sequence of positive real
numbergs,}°2 o with lim;, . o 6, = 0,

. 1
liminf ——logu,(V(x,n,8,)) > h; for up-a.ex € &, N Ag.
n—oo n
As a consequence, fgr € N we may find an increasing sequence of compact sets
Ak,j C &, N Ag and an increasing sequence of integgrd such that
1
mp(Nk,j) > up(Ag) - <1_ ;) (6)
and
1 1 .
—=logu,(V(x,n,d,) > hz — - forx e Ay j andn > n(j).
n J
Equivalently,
wp(V(x,n,8,) < e =D forx e A, j andn > n(j). @)

Let F, be a maximum cardinalityn, §,)-separated subset af; ;, and C, be the
cardinality of F,,. Then

Ay C | Vi n 8.

xeF,
Consequently,
mp(Ag,j) < Cy - SUP up(Vix,n,dy)),
XEA,
so that
Cn > up(Ap) - (1— ;1) LMD forp > n(j), (8)

by (6) and (7). Recall the relations between the Riemannian métsied the adapted
metric px_, Stated in (2); i.e.,

d =< Pkn = d- e(k_HnDG-
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Defines, = e~ %+ forn € N. For any distinctc andy in F,, we haved(fix, f'y) >

8, forsomei < n, and thuso ; (f'x, f'y) > 8,. Since f uniformly expands balls about
andy of radiuss,, with respect to the adapted metyig,, for all m > 0 by (MAN-2), we
havepy ;(f'x, fly) > 8, fori <1 < n. Thus, at timez, all f"x for x € F, are mutually
separated by an adapted distance of at I&astnd thus by a Riemannian distance of at
leasts, - e~ < = §2 py (2) and the definition of,. Hence their; - §2 balls in Wiion(P)

are mutually disjoint. Note that the volume ofa 52 ball in Waion(P) is= G - 824, where

u is the dimension of the unstable manifolds afids a constant depending only on the
geometry of the manifold. Then

> V(B(f"x. 389) = Co- G - 87, )

xeF,

and so by (8)

> V(B(f"x. 36%)) = constant M . e~ (DT for = n(j).
xeFy,

From (PART-4), we know that there exists a diBk C Wé’lob(p) of volume V(D)
with UxeAkmg,, B(x,1) C D,. (MAN-3) allows us to conclude thatf " (B(f"x, %53))
C Dy foranyx e Ay N§E,.

Consequently, whenever> n(j), we know that

1 V(f"Dp) constant 1
—lo h—=4+2 ,
9TV, T a (G
and thus
1 V(f"D
liminf = |ogM > h' — 2ue. (10)
n—o0o n V(Dp) #

This holds foru-a.e.p € Ax, and sincex (U= Ax) = 1, (10) holds fop-a.e.p € M.
By considering a sequence of valueseofvhich decrease to zero, we will show that for
u-a.e.p e M,
1. V("D
liminf = log Y(/"Dp)

iminf - v, > ‘. (11)

To this end, choos€ < ¢, and repeat the above argument verbatim, with every quantity
having its primed analog. (Note, however, thawvas chosen before and remains fixed
throughout this proof.) For ajp in some seG’ with 1 (G’) = 1, we know thatD,, satisfies

"D,
IiminfllogM >

u _ /
n—>oo n V(Dp) N h'u aue ’ (12)

while for all p in some setG with «(G) = 1, we know thatD,, satisfies (10). Then for
all p e GNG', forwhichu(G N G') =1, D, will satisfy (12). Repeating this argument
countably many times with a sequence:bfalues which decrease to zero will then give
us (11), completing the proof of the proposition. ]

Proof of Theorem 1.1If f is C'*1, thenh’ = h, by equation (5.3) ing]. Then the
theorem follows from the preceding proposition. |
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Proof of Corollary 1.1.By the variational principle, the supremum over ergodic, invariant
probability measureg of i, is 4. Corollary 1.1 then follows from the theorem. |

Proof of Corollary 1.2.1f u is a measure of maximal entropy, our theorem holds with
h, = h = topological entropy, by the variational principal. b, Yomdin shows that for
anyC* map f and diskD,

h > lim supE log™ %.
n—oo N

Since our unstable manifolds arg™, the second statement in the corollary follows
immediately. In ], Newhouse shows that, jf is C°°, a measurg. of maximal entropy
exists. Since Sugp) is hon-empty, at least one such diBkwith I'(D) = h exists. O
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