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Entropy and volume growth
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Abstract. We consider aC1+1 diffeomorphismf of a compact manifoldM which
preserves an ergodic probability measureµ. We conclude thatµ-a.e.x ∈ M is contained in
a diskDx ⊂ Wu(x), with Dx open in theWu(x) topology, which exhibits an exponential
volume growth rate greater than or equal to the measure-theoretic entropy off with respect
to µ. Drawing on results of Newhouse and Yomdin, we then find that whenf is C∞
andµ is a measure of maximal entropy, this exponential volume growth rate equals the
topological entropy off for µ-a.e.x.

1. Introduction
Let f be a diffeomorphism of a compact manifoldM which preserves an ergodic
probability measureµ. We sayf is C1+α if f andf−1 haveα-Hölder derivatives, and
f is C1+1 if f andf−1 have Lipschitz derivatives. The measure-theoretic entropy off

with respect toµ will be denoted byhµ, while h will denote the topological entropy of
f . The global unstable manifold of a pointx will be denoted byWu

glob(x). LettingV (A)

denote the volume of a submanifoldA computed with respect to the induced metric onA,
we define the exponential volume growth rate ofA as

G(A) ≡ lim inf
n→∞

1

n
log

V (f nA)

V (A)
.

Also define

0(A) ≡ lim
n→∞

1

n
log

V (f nA)

V (A)

whenever this limit exists.
In [4], Newhouse establishes that

sup
D

lim sup
n→∞

1

n
log

V (f n(D))

V (D)
≥ h

for C1+α self-maps ofM, where the supremum is taken over disksD transverse to stable
manifolds. He extends these results in [5], and incorporates ideas developed by Yomdin in
[10] in theC∞ case to prove:
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(i) there exists aC∞ diskD such that

lim
n→∞

1

n
log

V (f n(D))

V (D)
= h,

(ii) the mapµ→ hµ(f ) is uppersemicontinuous, and
(iii) the mapf → h(f ) is uppersemicontinuous.

In this paper we develop analogues of Newhouse’s volume growth rate results for
C1+1 diffeomorphisms, the essential differences being that we need only consider disks
contained in unstable manifolds, and our results take the form of a.e.-existence as opposed
to simple existence. Specifically, we will prove the following theorem.

THEOREM 1.1. Let f be a C1+1 diffeomorphism of a compact manifoldM which
preserves an ergodic probability measureµ. Then forµ-a.e.x ∈ M, there exists a diskDx ,
open in the submanifold topology ofWu

glob(x), with x ∈ Dx ⊂ Wu
glob(x) andG(Dx) ≥ hµ.

COROLLARY 1.1. If f is C1+1, then there existA ⊂ M of measure one with respect to
anyf -invariant probability measure and a diskDx , open in the submanifold topology of
Wu

glob(x), with x ∈ Dx ⊂ Wu
glob(x) for eachx ∈ A such thatsupx∈A G(Dx) ≥ h.

COROLLARY 1.2. If f is C∞, there exists a diskD such that0(D) = h. Further, if µ is
a measure of maximal entropy, then forµ-a.e.x ∈ M, there exists a diskDx , open in the
submanifold topology ofWu

glob(x), with x ∈ Dx ⊂ Wu
glob(x) and0(Dx) = h.

2. Preliminaries
Consider a diffeomorphismf acting on a manifoldM, together with anf -invariant,
ergodic probability measureµ defined on the Borel sets ofM.

Given a metricρ defined on a neighborhood ofx in Wu
glob(x), the local unstable

manifold of radiusr with respect to the metricρ of a point x will be denoted by
Wu

loc(x, r, ρ). Wu
loc(x) will be used on those occasions when it is unnecessary to specify

a radius and metric. We also defineBu(x, r, ρ) ⊂ Wu
glob(x) as being the ball, open in the

unstable manifold topology, aboutx of radiusr with respect to a metricρ.
We may use the multiplicative ergodic theorem of Oseledec with respect to our invariant

measureµ to conclude the following:

MET-1 for µ-a.e.x ∈ M, there existf -invariant non-negative integer-valued functionsσ

andν; f -invariant positive integer-valued functions

d−σ , . . . , d−1, d0, d1, . . . , dυ;
andf -invariant real-valued functions

−∞ < λ−σ < · · · < λ−1 < λ0 = 0 < λ1 < · · · < λυ <∞;
MET-2 for µ-a.e.x ∈ M, there exists anf -invariant splitting ofTx(M) as

Ex−σ ⊕ · · · ⊕ Ex
−1⊕ Ex

0 ⊕ Ex
1 ⊕ · · ·Ex

υ ;
MET-3 for µ-a.e.x ∈ M, dim(Ex

i ) = di for −σ ≤ i ≤ υ;
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MET-4 for µ-a.e.x ∈ M,−σ ≤ i ≤ υ, and any non-zerov ∈ Ex ,

lim
n→±∞

1

n
log‖Dxf n(v)‖ = λi;

MET-5 for µ-a.e.x ∈ M and−σ ≤ i < j ≤ υ,

lim sup
n→∞

−1

n
log 6 (Dxf n(vi),Dxf n(vj )) ≤ 0

for vi ∈ Ex
i andvj ∈ Ex

j .

We refer to the numbersλ−σ , . . . , λ−1, λ0, λ1, . . . , λυ as Lyapunov exponents. For
our purposes, it will often be sufficient to deal with a coarser invariant splitting ofTx(M)

into stable, center, and unstable subspaces atµ-a.e.x ∈ M, which we shall denote by
Es

x ⊕ Ec
x ⊕ Eu

x . We defines ≡ dim(Es ) = d−σ + · · · + d−1, c ≡ dim(Ec) = d0, and
u ≡ dim(Eu) = d1+ · · · + dυ . We further defineλmin ≡ min{|λ−1|, λ1}.

At µ-a.e.x ∈ M, we are able to define a new inner product and norm adapted to reflect
the long-term behavior of the mapping along an orbit. (Excellent references for more
details on the following material are [2] and [6].) We first define the adapted inner product
as follows:

〈u, v〉′x =
√

2
∞∑

n=0

〈Dxf−n(u),Dxf−n(v)〉
e−2n(λ1−ε)

for u, v ∈ Eu
x,

〈u, v〉′x =
√

2
∞∑

n=−∞

〈Dxf n(u),Dxf n(v)〉
e2|n| for u, v ∈ Ec

x,

〈u, v〉′x =
√

2
∞∑

n=0

〈Dxf n(u),Dxf n(v)〉
e2n(λ−1−ε)

for u, v ∈ Es
x .

Then extend〈·, ·〉′ to all of Tx(M) by imposing mutual orthogonality with respect to〈·, ·〉′
on the subspacesEu

x, Ec
x, andEs

x . The definition of the adapted norm‖·‖′x follows as usual
from that of the adapted inner product. The factor

√
2 is simply a convenient geometrical

factor included to guarantee that‖ · ‖ ≤ ‖ · ‖′. It could be omitted here, at the cost of
including a factor of 1/

√
2 at numerous other places.

From the above definition, we see that there exists a measurable functionH(x) such
that‖ · ‖ ≤ ‖ · ‖′ ≤ H(x)‖ · ‖ ande−ε < H(f (x))/H(x) < eε. Then we can find compact
sets3k ⊂ M, k ∈ N, with 3k ⊂ 3k+1 ⊂ 3 andµ

(⋃
k∈N 3k

) = 1, such that forn ∈ Z
there exists an adapted norm defined onT (f n(3k)), denoted by‖ · ‖k,n, which satisfies

‖ · ‖R ≤ ‖ · ‖k,n ≤ ‖ · ‖R · e(k+|n|)ε, (1)

where‖ · ‖R refers to the given Riemannian norm onT M. By imposing this norm
on the tangent space of an image disk of the exponential chart from a neighborhood of
x ∈ f n(3k) intoRdim(M), we generate a corresponding metric on this chart. We will call
this metricρk,n,x , or simplyρk,n. We can assume the above relations hold among metrics,
i.e.

d ≤ ρk,n ≤ d · e(k+|n|)ε, (2)
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whered is the Riemannian metric.
It is important to notice the ‘good’ behavior of these new norms with respect to the

mapping, in the sense that

‖Df n(x)f (v)‖k,n+1 ≥ ‖v‖k,n · e(λ1−ε) for v ∈ Eu
f n(x),

‖v‖k,n · eε ≥ ‖Df n(x)f (v)‖k,n+1 ≥ ‖v‖k,n · e−ε for v ∈ Ec
f n(x),

‖Df n(x)f (v)‖k,n+1 ≤ ‖v‖k,n · e(λ−1+ε) for v ∈ Es
f n(x).

Note also that, by (1), we may assume thatf n(3k) ⊂ 3k+|n| for n ∈ Z.
Standard techniques of non-uniform, partial hyperbolic theory (see [6] for details) allow

us to conclude that:

MAN-1 For anyk andn ∈ Z andµ-a.e.x ∈ 3k, there exist local unstable manifolds
Wu

loc(f
nx, e−(k+|n|)ε, ρk,n).

MAN-2 f is uniformly expanding with respect to adapted norm distances on these local
unstable manifolds; i.e., fory, z ∈ Wu

loc(f
nx, e−(k+n)ε, ρk,n) andn ∈ N, we

havef−1y andf−1z ∈ Wu
loc(f

n−1x, e−(k+n−1)ε, ρk,n−1), and

ρk,n(y, z) > e(λ−2ε) · ρk,n−1(f
−1y, f−1z). (3)

MAN-3 Similarly, f−1 is uniformly contracting with respect to adapted norm distances
on these local unstable manifolds.

MAN-4 By Lusin’s theorem, givenk, there existsr(k) > 0 such that wheneverr < r(k),
the manifoldsWu

loc(y, e−kε, ρk,0) of pointsy ∈ B(x, r) ∩3k form a continuous
family of embedded disks, whereB(x, r) is the ball of radiusr aboutx in M.

We now review some pertinent facts regarding measurable partitions of our manifoldM,
considered as a measure space(M,µ) with a probability measureµ defined on its Borel
sets. An excellent reference for more details is [7].

Supposeξ is a partition ofM. We will let ξx denote the element of the partition
containingx ∈ M, andM/ξ denote the factor space whose points are the elements of
ξ . We will say thatξ is a measurable partition if there exists a countable collection of
measurable setsB ≡ {Bn : n ∈ N} such that for anyn ∈ N andξx ∈ ξ , eitherξx ⊂ Bn or
ξx ⊂M − Bn; andξx = ∩Bn⊃ξx Bn. We say thatB generatesξ .

Given a measurable partitionξ of (M,µ), there exists a probability measureνξ defined
on the factor spaceM/ξ , and a system of conditional probability measuresµx defined for
µ-a.e.x ∈ M on its correspondingξx with the following properties:

PROB-1 for anyµ-measurable setA ⊂ M, A ∩ ξx is µx -measurable forµ-a.e.x ∈ N;
PROB-2 µx(A ∩ ξx) is aνξ -measurable function; and finally,
PROB-3 µ(A) = ∫

M/ξ
µx(A ∩ ξx)dνξ .

Let ψ be another measurable partition. We say thatψ refinesξ , and writeψ > ξ , if for
µ-a.e.x ∈ M, ψx ⊂ ξx .

In [1], Ledrappier and Strelcyn prove the existence of a measurable partition ofM with
very useful properties. We sketch the construction here.

Fix k with µ(3k) > 0, and choosez ∈ Supp(µ|3k). We letα(z, r) be the partition
with members being the individual setsWu

loc(y, e−kε, ρk,0)∩B(z, r) for y ∈ 3k ∩B(z, r)
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andr < r(k), along with the complement of their union. Recall thatB(z, r) ⊂ M is the
open ball of radiusr centered atz ∈ M. Recall also the essential defining property ofr(k)

from (MAN-4): givenk, there existsr(k) > 0 such that wheneverr < r(k) the manifolds
Wu

loc(y, e−kε, ρk,0) of pointsy ∈ B(z, r) ∩ 3k form a continuous family of embedded
disks. (For more details on essential properties of these manifolds, see [1].) Then we
define the partition

ξ(z, r) ≡
∞∨
i=0

f i(α(z, r)).

There exists a neighborhoodI ⊂ R+ of zero such that for Lebesgue-a.e.rz ∈ I, ξ(z, rz)

has the following properties:

PART-1 The forward images of theWu
loc(y, e−kε, ρk,0)∩B(z, r) cover a set of measure

one; i.e.,µ
(⋃∞

i=0 f i
(⋃

y∈B(z,rz)∩3k
Wu

loc(y) ∩ B(z, rz)
)) = 1. This follows

from the ergodicity of the invariant measureµ with respect tof , and the fact
thatµ(B(z, rz) ∩3k) > 0.

PART-2 ξ(z, rz) refinesf (ξ(z, rz)); i.e., ξ(z, rz) > f (ξ(z, rz)). This follows from the
definition ofξ(z, rz).

PART-3 ξ(z, rz) is subordinate to theWu
glob foliation; i.e., forµ-a.e.x, ξx ⊂ Wu

glob(x),
and contains a neighborhood ofx open in the submanifold topology.

PART-4 Forµ-a.ey,
⋃

x∈ξy(z,rz)
Bu(x, 1, d) ⊂ Dy ⊂ Wu

glob(y) for a ballDy , open in
the unstable submanifold topology, of finite volume computed with respect to
d. (This follows from the construction ofξ(z, rz), and PART-1.)

Given a choice ofk andz, we will denote the associated partitionξ(z, rz) as eitherξz,k,
ξz, or simplyξ when confusion is unlikely.

DefineV (x, n, δ) ≡ {y ∈ Wu
glob(x) : d(f kx, f ky) < δ, 0 ≤ k ≤ n}. Fix anyk with

µ(3k) > 0, and anyz ∈ Supp(µ|3k). Let ξz,k denote the measurable partition defined
above. We refer toξz,k simply asξ , the ballB(z, rz) asB, and the induced measureνξ as
ν. Note thathµ(f, ξ) ≡ H(ξ |∨∞n=1 f nξ) = H(ξ |f ξ), sinceξ refinesf (ξ).

Then the equation proved in §9.2 of [3] states that

lim
δ→0

lim inf
n→∞ −

1

n
logµx(V (x, n, δ)) ≥ hµ(f, ξ) for µ-a.e.x ∈ M. (4)

We may also use the invariance ofµ and the a.e.-uniqueness of conditional measures to
deduce that the limit in (4),

lim
δ→0

lim inf
n→∞ −

1

n
logµx(V (x, n, δ)),

is independent of the choice ofξ , despite the apparent dependence which enters through
the conditional measures, and that this limit is invariant, hence a.e.-constant by ergodicity.
As a consequence, we may reasonably define theµ-a.e. constant,ξ -independent entropy
along the unstable foliation as beinghu

µ ≡ hµ(f, ξ). Note that (4) then becomes

lim
δ→0

lim inf
n→∞ −

1

n
logµx(V (x, n, δ)) ≥ hu

µ for µ-a.e.x ∈ M.
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3. Proofs
PROPOSITION3.1. Let f be a C1+α diffeomorphism of a compact manifoldM which
preserves an ergodic probability measureµ. Then forµ-a.e.x ∈ M, there exists a diskDx ,
open in the submanifold topology ofWu

glob(x), with x ∈ Dx ⊂ Wu
glob(x) andG(Dx) ≥ hu

µ.

Proof. Sinceµx(V (x, n, δ)) is a decreasing function ofδ, we note that for any sequence
{δn}∞n=0 of positive numbers with limn→∞ δn = 0,

lim inf
n→∞ −

1

n
logµx(V (x, n, δn)) ≥ lim inf

n→∞ −
1

n
logµx(V (x, n, δ))

for fixed δ > 0. Then we may conclude that

lim inf
n→∞ −

1

n
logµx(V (x, n, δn)) ≥ hu

µ for µ-a.e.x ∈ M. (5)

Let ξ be any partition possessing the properties (PART). Chooseε > 0, and generate
the associated sets3k, k ∈ N, as described in the preliminaries. Fixk with µ(3k) > 0.
For µ-a.e.x ∈ 3k, µx(3k) > 0, while for ν-a.e.ξx , (5) holds atµx-a.e.y ∈ ξx , since
it holds µ-a.e. onM. Thus, forµ-a.e. pointp ∈ 3k and any sequence of positive real
numbers{δn}∞n=0 with limn→∞ δn = 0,

lim inf
n→∞ −

1

n
logµp(V (x, n, δn)) ≥ hu

µ for µp-a.e.x ∈ ξp ∩3k.

As a consequence, forj ∈ N we may find an increasing sequence of compact sets
3k,j ⊂ ξp ∩3k and an increasing sequence of integersn(j) such that

µp(3k,j ) > µp(3k) ·
(

1− 1

j

)
(6)

and

−1

n
logµp(V (x, n, δn)) > hu

µ −
1

j
for x ∈ 3k,j andn > n(j).

Equivalently,

µp(V (x, n, δn)) ≤ e−n·(hu
µ−(1/j)) for x ∈ 3k,j andn > n(j). (7)

Let Fn be a maximum cardinality(n, δn)-separated subset of3k,j , and Cn be the
cardinality ofFn. Then

3k,j ⊂
⋃

x∈Fn

V (x, n, δn).

Consequently,
µp(3k,j ) ≤ Cn · sup

x∈3k,j

µp(V (x, n, δn)),

so that

Cn > µp(3k) ·
(

1− 1

j

)
· en·(hu

µ−(1/j)) for n > n(j), (8)

by (6) and (7). Recall the relations between the Riemannian metricd and the adapted
metricρk,n stated in (2); i.e.,

d ≤ ρk,n ≤ d · e(k+|n|)ε .
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Defineδn ≡ e−(k+n)ε for n ∈ N. For any distinctx andy in Fn, we haved(f ix, f iy) >

δn for somei ≤ n, and thusρk,i (f
ix, f iy) > δn. Sincef uniformly expands balls aboutx

andy of radiusδm with respect to the adapted metricρk,m for all m ≥ 0 by (MAN-2), we
haveρk,l(f

lx, f ly) ≥ δn for i ≤ l ≤ n. Thus, at timen, all f nx for x ∈ Fn are mutually
separated by an adapted distance of at leastδn, and thus by a Riemannian distance of at
leastδn · e−(k+n)ε = δ2

n by (2) and the definition ofδn. Hence their12 · δ2
n balls inWu

glob(p)

are mutually disjoint. Note that the volume of a1
2 · δ2

n ball in Wu
glob(p) is≥ G · δ2u

n , where
u is the dimension of the unstable manifolds andG is a constant depending only on the
geometry of the manifold. Then∑

x∈Fn

V (B(f nx, 1
2δ2

n)) ≥ Cn ·G · δ2u
n , (9)

and so by (8)∑
x∈Fn

V (B(f nx, 1
2δ2

n)) ≥ constant· enhu
µ · e−((1/j)+2uε)n for n > n(j).

From (PART-4), we know that there exists a diskDp ⊂ Wu
glob(p) of volumeV (Dp)

with
⋃

x∈3k∩ξp
B(x, 1) ⊂ Dp. (MAN-3) allows us to conclude thatf−n(B(f nx, 1

2δ2
n))

⊂ Dp for anyx ∈ 3k ∩ ξp.

Consequently, whenevern > n(j), we know that

1

n
log

V (f nDp)

V (Dp)
>

constant

n
+ hu

µ −
(

1

j
+ 2uε

)
,

and thus

lim inf
n→∞

1

n
log

V (f nDp)

V (Dp)
≥ hu

µ − 2uε. (10)

This holds forµ-a.e.p ∈ 3k, and sinceµ(
⋃∞

k=1 3k) = 1, (10) holds forµ-a.e.p ∈ M.
By considering a sequence of values ofε which decrease to zero, we will show that for
µ-a.e.p ∈ M,

lim inf
n→∞

1

n
log

V (f nDp)

V (Dp)
≥ hu

µ. (11)

To this end, chooseε′ < ε, and repeat the above argument verbatim, with every quantity
having its primed analog. (Note, however, thatξ was chosen beforeε, and remains fixed
throughout this proof.) For allp in some setG′ with µ(G′) = 1, we know thatDp satisfies

lim inf
n→∞

1

n
log

V (f nDp)

V (Dp)
≥ hu

µ − 2uε′, (12)

while for all p in some setG with µ(G) = 1, we know thatDp satisfies (10). Then for
all p ∈ G ∩G′, for whichµ(G ∩G′) = 1, Dp will satisfy (12). Repeating this argument
countably many times with a sequence ofε′ values which decrease to zero will then give
us (11), completing the proof of the proposition. 2

Proof of Theorem 1.1.If f is C1+1, thenhu
µ = hµ by equation (5.3) in [2]. Then the

theorem follows from the preceding proposition. 2
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Proof of Corollary 1.1.By the variational principle, the supremum over ergodic, invariant
probability measuresµ of hµ is h. Corollary 1.1 then follows from the theorem. 2

Proof of Corollary 1.2.If µ is a measure of maximal entropy, our theorem holds with
hµ = h ≡ topological entropy, by the variational principal. In [10], Yomdin shows that for
anyC∞ mapf and diskD,

h ≥ lim sup
n→∞

1

n
log+ V (f n(D))

V (D)
.

Since our unstable manifolds areC∞, the second statement in the corollary follows
immediately. In [5], Newhouse shows that, iff is C∞, a measureµ of maximal entropy
exists. Since Supp(µ) is non-empty, at least one such diskD with 0(D) = h exists. 2
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