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Abstract. We generalize a result of L. Sucheston on obtaining multipa-
rameter ergodic theorems from their single parameter versions. This result
is then employed to prove a multiparameter, subsequence ergodic theorem
for operator averages along special zero density subsequences.

1 Introduction

In [9], L. Sucheston presents a method for obtaining multiparameter ergodic
theorems from their single parameter versions. In the second section of this
article, we present a generalization of this method.

In [2] and [10], J. Bourgain and M. Weirdl establish the a.e. convergence
of averages of the form %Zle f o7™ where 7 is an automorphism of a
finite measure space (X, F,pu), f € L,(X,F,p), 1 <p < oo, and n = (n;)%,
is either the sequence of primes, or a polynomial sequence, the latter being
defined as the sequence of values (¢(n)) ~, assumed by a polynomial ¢ of
degree > 2, having integer coefficients. We call such sequences B-sequences.
If we define the density of a sequence n as d(n) = limy &;’N”, we see that
B-sequences have zero density.

In the third section of this article, we note that the work of R. Jones,
J. Olsen, and Weirdl allows us to move the results of Bourgain and Weirdl to
more general, operator theoretic settings. In conjunction with the results of
section two, this will allow us to obtain a multiparameter, operator theoretic
ergodic theorem for averages taken along B-sequences.

2 Obtaining multiparameter theorems

Let (B, - |6, =), (C,] - |le; %), and (D, || - ||la; <) be Banach lattices of
functions over a common measure space (X, F,u), so that convergence in
order corresponds to a.e. convergence. Suppose that B, C and D have
o-order continuous norms. (Recall that we say (B, || - ||, <) has o-order
continuous norm if ||b,||, | 0 whenever b, | . Examples of Banach lattices

with o-order continuous norms are L,(X, F,pu), 1 <p < o0). If T:B — C
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and S:B — C, we say S dominates T if |Tb| < S|b| Vb € B, and say that T’
is positively dominated.

Let {D, =<} be a countable directed set. Let {(d,n) € D x N, <’} be the
countable directed set with order defined by (di,n1) =X’ (dg, no) iff di =< ds
and n; < ny.

Let {Us,d € D} be a net of continuous, linear operators Uy;: C — D
with limg Uge = Uy a.e. Ve € C. Let {V;,d € D} be a net of positive,
linear (hence continuous) operators V;: C — D, with each V; dominating
the corresponding Uy. Define the maximal operator associated with the net
(Va) as Myc = sup,|Vyc|, and suppose that My:C — D. Note that it is
sufficient, but not necessary, to have ||Myc|lq < K. - ||c||c Ve € C and some
K. < .

Let {T,,,n € N} be a sequence of continuous, linear operators 7,,: B — C
with lim,, T,,b = T,,b a.e. Vb € B. Let {S,, n € N} be a sequence of positive,
linear (hence continuous) operators S,,: B — C; with each S,, dominating the
corresponding 7T),, and Mg: B — C (where Mgb = sup,, |S,b|).

Lemma 1. Given the above hypothesis, My has the properties:

e i) My is a positive map from C into D;

e ii) fora>0and f =0, My(af) =a- (Myf);

e iii) for f = 60 and g = 0, My(f +g) X My f + Myg, and;
e iv) My is continuous at 6, with M0 = 6.

Proof. i), ii), and iii) are clear. iv) Each Vj is linear, so My6 = 6.
Suppose My is not continuous at 6. Then 3(f,)>2, C C such that || |f.]]l. <
2 Vn € N, while || My fo,|la > € for some € > 0 and all n; in some sequence
(ng)p2,. Since My is positive, |[My|fo.llla > [|My fu.lla > € Vng. Thus,
we may take the functions f,, to be non-negative. By i), |n - full. < #
and [|My (ny, - fo)lla = llnwe - (Mv fo)lla = m - |My faglla > n - € Vg
Since || X255, 1+ fulle < S 0+ fulle € 50, 45 < 000 f = S5y o
exists in C. Each f, is non-negative, so f = ny - f,, Vni. My is positive,
so ny - € < [[My(ng - fo)lla < ||Myflla Vk. This contradicts the fact that
My : C — D. Thus, My is continuous at 6.

Corollary 2. Mg is a special case of My, and thus has properties i)-iv).

Theorem 3. Given the above hypotheses, we have:

o i) limgn) Udlnf = UsTw f Vf € B, and;
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e ii) Mys:B — D, where Mysf = sup g, [VaSn f]-

Proof. i) limgn) | UL, f—UsoToo f| < Timg,p)|UaTn f —UdToo f |4+1im ) |UaToo f —
UooToof’ = llm(an)’Ud(Tnf - Toof>| —+ 0 j llm(dyn)‘/;ﬂTnf — Toof’

For each k € N, let gy = sup,,>; |Tnf — Too f| X 2- Ms|f| € C. Note that
gr 1 0 and ||gk||l. | 0. For each fixed k, m(d,n)Vd\Tnf —Tof] 2 M(dm)vdgk,
since each Vj is positive. Then m(d,nﬂUdTnf — U T f] = m(d,n)vdgk <
My g, Vk. Now let k — oo. M,y is positive, and g | 0, so Myg. | g for
some g = 6. By the lemma, |[Mygi|la | 0. Thus, g = 0 a.e., and we have
L) | UsTof — UssToo f| = 0 = limygny UsTy, f = UsToo f a.e. Vf € B.

ii) For any f € B, we have Mysf = sup g, [VaSnf| < sup(y ) ValSnf| <
supy Va(sup,, |Snf]) = sup, Va(Msf) = My (Msf) € D. Thus, Mysf € D.

Theorem 3 will allow us to inductively obtain multiparameter theorems
from their single parameter counterparts. Sucheston presented this result in
[9] for positive operators, and thus for positively dominated operators, pro-
vided that we have a.e. convergence for the dominating operators. Here, we
have removed the latter requirement. In [8], Olsen noted that the result may
be used to prove multiparameter weighted theorems, and thus multiparam-
eter subsequence theorems along sequences with non-zero density. Here, we
deal with zero density B-sequences.

3 Result

Fix any p, 1 < p < oo. Let (X, F, 1) be a finite measure space, 7: X — X be
an automorphism, and T L, (X, F, u) — L,(X, F,p). We say T;: L, — Ly,
T,f = for is the operator on L, induced by 7. If n = (n;)72, is an
increasing sequence of positive integers, we define Ax(n,T")f = % . Zle " f
and M (n,T)f = sup, A f for f € L,,.

We say the operator T"

i) admits a dominated estimate in L, along n with constant C'if || M (n, T') ||, <
C-||fll, Yf € L, and some C < 0.

ii) is power bounded with power bound K if ||T"f||, < K - || f]|, Yn € N,
f € L,, and some K < oo.

ifi) is a quasi-isometry if 0 < Cy[| f[[2 < & St IITF 2 < Col f]15 < o0
for some C and C5, and some increasing sequence of positive integers L =
(Ln)nis-



iv) is a Lamperti operator if it maps functions with disjoint supports to
functions with disjoint supports.

v) is a Dunford-Schwartz operator if ||7']]; <1 and ||T]|« < 1.

As mentioned in the introduction, if n is a B-seqeunce, Bourgain and
Weirdl have established the a.e. convergence of Ay(n,7,)f Vf € L,. They
have also shown that 7, admits a dominated estimate in L, along n.

In [5], R. Jones and J. Olsen show that if there exists an aperiodic, pos-
itive invertible isometry S:L, — L, that admits a dominated estimate in
L, along n with constant C; then any 7:L, — L, which is dominated
by a positive contraction also admits a dominated estimate in L, along n
with constant C, and if T L, — L, is a power bounded Lamperti operator
with power bound K, then 7" admits a dominated estimate in L, along n
with constant K - C. (The former builds on the work of Akcoglu in [1] and
Ionescu-Tulcea in [4]; the latter on that of C.-H. Kan in [7].) Recall that a
Dunford-Schwartz operator is dominated by its linear modulus, which is a
positive L, contraction; and that a Lamperti operator 7" is dominated by an-
other Lamperti operator S satisfying |Sf| = T'|f| Vf € L,. (S is once again
the linear modulus of 7T'.) Taking S to be the aperiodic, positive, invert-
ible isometry induced by any aperiodic automorphism 7, we see that positive
contractions, Dunford-Schwartz operators, and power-bounded Lamperti op-
erators admit dominated estimates along B-sequences. This is relevant to us,
in that it means that M(n,T") maps L, to L, whenever n is a B-sequence
and T is either a positive contraction, a Dunford-Schwartz operator, or a
power-bounded Lamperti operator.

In [5], Jones and Olsen also show that if we have a.e. convergence of
Ay(n,T,)f Vf € L, for some automorphism 7, then we have a.e. con-
vergence of Ax(n,T")f V bounded f € L, when T is a Dunford-Schwartz
operator. Bounded functions constitute a dense subset in L,. Thus, by Ba-
nach’s principle, we have a.e. convergence of Ay(n,T)f Vf € L, when T is
a Dunford-Schwartz operator and n is a B-sequence.

In [6], Jones, Olsen, and Weirdl establish a.e. convergence of Ax(n,T)fVf €
L, whenever n is a B-sequence and 7' is either a positive contraction, or a
Lamperti quasi-isometry.

Let us call an operator good if it is a positive contraction, a Dunford-
Schwartz operator, or a power bounded, Lamperti quasi-isometry. Then, for
1 < p < 00, n a B-sequence, and T" a good operator, we have a.e. convergence
of Ay(n, T)fVf € L,,and M(n,T): L, — L,. Further, each good operator is
dominated by a positive operator which admits a dominated estimate along
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B-sequences.

We are now in a position to employ Theorem 3 to prove our principal
result, which we state as Theorem 4.

Theorem 4. Let (X, F, 1) be a finite measure space, and L, = L,(X, F, i)
for some fixed p, 1 < p < co. Choose m € N. For 1 <1 < m, let
T;: L, — L, be a good operator; S; be a positive operator which domi-
nates 7;, and which admits a dominated estimate along B-sequences; n; =
(Mg 7= be a B-sequence; and define limy, Ay, (n;, Ti)f = Aisof. Define
M, f = SUDgy ... km Akl (nh Sl) T Akm (l’lm, Sm)f|

Then M,,: L, — L, and limy, ---limy,, Ay, (0, 77) - Ak, (0, T) f =
Atoo - Ao fVf € Ly, the limit being taken as ki,...,k, — oo indepen-
dently.

Proof. We proceed by induction. From our previous discussion, the the-
orem holds for m = 1. Suppose it is true for r operators. Then, in Theorem 3,
let D be {N*, <}, with (s1,...,8,) = (t1,...,t,) iff sy <tq,...,8 <t. Let
B =C =D =L, Let {Usd € D} be the net of operators of the form
A, (g, 7)) -+ A (n,., T), with (ky,...,k.) € D. Let {V;, d € D} be the
net of operators of the form A, (ny, S1) -+ Ag, (n,, S,), with (ky,..., k) € D.
Let T, be A,(n,41,T,41), and S, be A,(n,;1,S,11). By the induction hy-
pothesis, we have lim; Uyf = Aioo - - - Apoo f Vf € Ly, and My: L, — L,; and
we also have lim, T,,f = Ar1100f Vf € Ly, and Mg: L, — L,. Then, by
Theorem 3, we have our result for r 4+ 1 operators, and thus for m operators.
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